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Syn opsi s 

m i' — i m * ***** i m 


As the title suggests , the present dissertation is a 
study of holomorphic functions on finite dimensional as 
well as infinite dimensional spaces. There are seven 
chapters which comprise this piece of work. 

Chapter 1 consists of four sections. In the first 
section some of the basic definitions and results from 
the theory of locally convex space including Kolmogorov 
diameters and nuclear spaces have been incorporated. 
Section 2 is concerned with some elementary results from 
the theory of sequence spaces including Kfcfthe spaces. 
Section 3 deals with some of the definitions and results 
from the theory of several complex variables and the last 
section is based on the basic definitions and some results 
from infinite dimensional holomorphy. The material of 
this chapter is frequently used in the development of 
other chapters. 

Chapter 2 contains three sections. The first 
section is a brief account of history and motivation 
regarding finite dimensional holomorphy. A chronological 
account of the development of infinite dimensional 
holomorphy finds its due place in Section 2. The last 
section is a brief history of the development of nuclear 


spaces. 
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In C hapter 3 we consider an extended class of 
analytic functions of several complex variables and 
investigate several topological properties of the same 
including Schwartz property. For the sake of brevity 
we consider only the two variables case and attempt to 
extend the class of analytic functions of two variables 
in terms of infinite matrices. This new class A( P) 
of infinite matrices envelops the space of analytic 
functions on bi -cylinder considered in [3] as well as the 
space of entire functions of two variables initiated in 
[2], Last two sections are devoted to proving Schwartz 
property. Where as in Section 3 , we find the estimations 
of Kolmogorov diameters for proving the Schock-Terzioglu 
criterian for the Schwartz property of A( p) # in 
Section 4 we prove the Schwartz property by making use of 
the notion of bi -diametral dimension. 

Chapter 4 is in continuation to the study of the 

ffl 0 

matrix space 6 ' initiated in Chapter 3 which/ in 
particular/ includes the class of entire functions of 
two variables. In the beginning of this chapter we find 
the K?5the dual of 6 ,p and characterize its bounded sets 
relative to the weak topology. Then we proceed to 
characterize the dual of this class as well as of a 
subclass of this class, which correspond to subspaces 
of 6 having order zero and type almost equal to one. 
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Besides we also pay sufficient attention to investigate 
the structural properties of this subspace. 

Chapter 5 deals with a new concept of a dual A^ 1 
of a sequence space A where p is another suitable 
sequence space and ol an arbitrary sequence. This new 
notion of dual envelops, in particular, the well known 
a-,i3~and 7-duals (cf. [4 ] ) and has some applications 
presented in the next chapter. Here in this chapter we 
essentially develop the basic results depending on these 
duals > for instance we establish results relating to the 
sequential completeness of a sequence space A with its 
cp-perfectness and characterize boundedness of subsets of A. 

In Chapter 6 , corresponding to a suitable sequence 
space p, we define a class of weighted holomorphic functions 
on a Banach space, the weights having been provided by p 
and introduce a subclass of this class related to the 
op-dual of a sequence space A. This class extends 
sufficiently a class studied earlier by Boland [l] . 

After equipping with suitable locally convex topologies, 
we study the usual topological structure of these spaces. 

We characterize bounded subsets of this class and 
investigate conditions under which the sub space topology 
coincides with various other topologies on bounded sets. 

The last section is dealt with the characterization of 
relatively compact sets. 



The last chapter namely. Chapter 7 is related to the 
study of a class of holomorphic (indeed, hypoanalytic) 
mappings defined on open subsets of the dual of a nuclear 
sequence space. Besides obtaining several results on 
nuclear sequence spaces, we finally obtain the Schauder 
basis representation (cf. [5] for relevant notions) of 
elements of this class with respect to compact open 
topology. 
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Chapter 1 


Preliminaries 


1.1 Introduction 

In this chapter we present in brief the salient 
features from the theory of locally convex spaces 
including nuclear spaces and Kolmogoroff' s diameters, 
sequence spaces, functions of several variables and 
holomorphy. For detailed account of these topics we 
refer to standard texts, research papers and thesis 
namely, [102], [106], [119], [139], [152], [191], [209], 
[251], 

1.2 Locally Convex Spaces 

Unless otherwise stated, we denote throughout by 
(X, T) (or(E, T) ) a Hausdorff topological vector space 
(abbreviated TVS) or a locally convex space Cl.c. TVS), 
where the topology T is generated by the family D T 5 D 
of pseudonorms or seminorms. The neighbourhood system 
consisting of balanced convex and absorbing neighbourhoods 
at the origin for the locally convex topology T, is 
denoted by U x (or U £ ) . For two subsets A and B of 
X (or E) the symbol ,# A * means "A is absorbed 


by B." 
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By a total paranorm (resp. an P- norm ) we mean a 
positive real valued function | I . | I on X, satisfying the 
conditions (i) I |x| | = 0 iff x = 0} (ii) I I x+y I 1<I lx I 1+ I |yti ; 

(iii) I I -x I I = llxll (resp. I I Axl K II xl I, I M < l); and 

(iv) for a sequence {a } of scalars with a -* a and 

n n 

iXfi} CTX with llx^-xll - 0 # lla 3^-axl! - 0. If (i) is 
replaced by llxll =0 if x = 0, then a total paranorm 
is just a paranorm 

Proposition 1,2.1! An F— normed space is always a 
metrizable TVS and conversely. 

We make use of 

Proposition 1.2.2! A set B in an l.c. TVS X is bounded 

if and only if for any sequence {x^} in B and sequence 

I oc^} of scalars_with -* 0 (resp. ?a n l e « n x n ■* 0 

m 

as n -*■ °° (resp. E ct n ;x:: n a Cauch y sequence in x) 

n=l 

Definition 1.2.3 t a closed subspace M of X is said to be 

(i) co-dimension < n, i >e:. # dim (x/M) < n if and only if 
n 

M = f~} ker f. for f.,...,f G X* where ker f.= ix*f. (x)=0i 

; x I n i i 

1=1 

and (ii) complemented on X if there exists a closed subspace 
N of X such that X = M © » 

Proposition 1.2.4 2 A closed subspace M of X Is 
complemented in X if dim (x/M) < 03 (cf* [233]). 

For a dual pair <X,Y> of vector spaces X,Y defined 
over the same field IK, the symbol / s cr(x,Y) and P (x,Y) 
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respectively stand for weak and strong topology on X. 

Regarding linear maps let us recall that a linear 
map At X -* Y is called almost open if Au G Uy# V u G U^. 
Further we have 

Proposition 1.2.5! Let X and Y be two l.c. TVS. If 
the transpose map A'; Y * •* x“ of a continuous linear rnap 
A5X -» Y is ar(Y“,Y)-.cr(x'',x) continuous# then it is 
P ( Y* # Y) ~P (x*# X) continuous . 

Nuclear Spaces s 

A 

For an l.c. TVS X and u G U x# let X^ be the 

A 

completion of the normed spaces (x^#p ) where 
X u “ x A er P u and p u (x^) = P u (x), = x + ker p u # x 6 X. 

If U/V G with v <^u# the natural canonical continuous 

mapping K^:X v - X^ is defined by K^Cxy) = x^, x v 6 
and the continuous surjection K U :X "* X^ is given by 
K (x) = x^# x G X. The mapping A can be extended 

A tt. A -A. 

continuously to K u "* x v -* X^. 

Let us recall from [139]# [209] and [245] the 
following 

Definition 1.2.6: A continuous linear operator T from 
E to F is said to be nuclear if there exists {A n }G ij~ t 
if E and *Y n }C F with M f n N<l/ Hy n ll <1/ n > 1 

such that T can be expressed as 

T(x) = E X n f n ^)y n , x G E 
n>l 
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Definition 1.2.7? An l.c. TVS (x, t) is said to be 
nuclear (resp. Schwartz ) if to each u 6 U x there exists 

XT ^ z 

u such that K^iX^ -*■ X u is nuclear (resp. 
precompact/ that is, it maps bounded sets into precompact 
sets ) 

Proposition 1.2.7} Every nuclear Frdchet Space is Mon tel 
and hence reflexive. Every quasi-complete Schwartz space 
is semi-Montel and so every Frechet Schwartz space is Mont el'. 

Schauder Bases ; 

We refer to [l40j and [245] for the details of the 
theory of Schauder bases. 

Definition 1.2.9; A Schauder base in an l.c. TVS (x, t) is 

a biorthogonal pair of sequences {x^dX, 

Ifjrx* such that 
n — 

x = S f (x)x„, x e X, 
n>l n n 

when the convergence of the infinite series is considered 
in the topology T. 

Definition 1.2.10: A Schauder base ^# f n } is said to be 
equicontinuous, if for each u e u x / there exists v e u x 
satisfying 

l f n (x) *P u (x n ) < P v (x) / X e E, n > 1 
Definition 1.2.11! Corresponding to an arbitrary sequence 
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space X (cf. next section), a Schauder base C:x^,f n } f° r an 
l.c. TVS (x, T) is called fully \- base if for each p in 
D t and x in X p(x^)} 8 X and the mapping 

^SX -» W^Cx) = {f n (x)p(x n )i is T -T)(\, \ x ) continuous, 
where r?(\, X x ) is the normal topology on X (cf« Section 3 ). 
For X = Jl , { x^, f } is called as absolute base . 

Kolmogorov Diameters 1 

For the subject matter of Kolmogorov diameters we 
refer to [209], [251]. We mention here in brief, what we 
need in the subsequent chapters. 

Definition 1.2.12: Let A and B be subsets of a vector 
space X with k <^B. Then the n-th Kolmogorov diameter 
of A with respect to B is the number 5 n (A, B) defined as 

6 (A,B) = inf (5 > Oj A r“ 6 B + F,F a subspace of X 
n 

of dimension at most n } 

Proposition 1.2.13 (i) If A PB for some P > 0, then 
P > 6 q Wb) > 5 1 Ca,b) > ... > 0 

(ii) For > 0, 

6 n (AA, /IB) = XM ^ n (A, B) 

(iii ) If A <^B and B <(c, then 

«m + n (A ' C) I «,n CA ' B) «n (B ' C) 
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Proposition 1.2.14* Let X and Y be two vector spaces 
and A, B subsets of X with A <^B. If T is a linear 
operator from X to Y, then 

5 n (T(A), T(B)) < 6 n (A / B). 

Proposition 1.2.1^* For two sets A and B in an l*c* TVS 
(X, T) with A <^B, B being balanced and convex 

6 n (A;S) = 6 n (A / B) < 5 n (A,B) < 6 n <A,B) 

For the next result, let us denote by H(A, B, n), the 
set of all positive numbers 6 satisfying the condition 

A CZ& B Cxg, . . . ,x n }, x 1 ,...,x n e x B 

where A and B are subsets of an l.c* TVS (X, T) such that 
A <B; b is balanced, convex and bounded; and FCx^, . 
is the balanced convex hull of {x 1 ,+».,x n }» 

Proposition 1*2.161 5 n (A, B) = inf {£>0*6 G H(A, B, n)$ 

Next, we have 

Proposition 1>2«17J. A bounded subset B of an l.c* TVS (X,T) 
is precompact if and only if for each u 8 6 n (B, u) "* 0 

as n -* «> . 

From [251], let us quote 
Proposition 1* 2.18* 6 n (K^(v), K^(u)) = 5 n ^, v). 

Proposition 1.2.19* Let A be a bounded subset of a normed 
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space ( E, | i . | i ) and U = Cx G Ej || xl I < 1} . If L 
is a (n+l) dimensional subspace of E and a > 0 satisfies 
the relation 

a CU f1 L) CA, 

then 

6 n (A 7 u) > a. 

Proposition 1.2.20J A bounded set A of a normed space 
(E/ll.ll ) is contained in a space of dimension less than 
n if and only if 6 n ( a,U) =0. 

1.3 Sequence Space 

The purpose of this section is to present some 
definitions and results from the theory of sequence spaces, 
which are to be used in the sequel; from [189] and [232]. 

Let us denote to and <p respectively the vector 
spaces of scalar valued sequences Ca n } in IK and the span 
of {e n *n > 1 } , where e n stands for the sequence 

{0, . . .,0,1,0, , . . } . known as the n-th unit vector. A 

/ 

nth-coo rdi na te 

s equence space k is a subspace of to containing <P . Sometimes, 

we use the symbols a, b, c to denote the sequences { a^} , 

{b n } {c n J respectively in to. For a,b S we define 

ab = lab}* Further we sav# a 6 to is positive if 
n n 1 1 

a n >. 0, for all n« 

The symbols c Q , 0 < p <°° , J0, or m cs and bs 

have their usual meaning (cf» [139], p. 3l); these are 
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respectively the space of null, p-th power summable, 
bounded, convergent series and bounded partial sum 
sequences . 

The a -or Kb* the dual , P-, r- dual of a sequence space A 
are respectively defined as 

A x or \ a = { a: a G w, ab e , V b G X } ; 

$ = {asa 8 03, ab G cs, V b 6 A } 

A r = {a*a e 03 , ab e bs, V b e X} 

For the sake of convenience, we write 
X* = Cb e X*} b n > °, V n l 

For be A x , we define the seminorms p^ and q^ as follows* 

Pj^Ca) = E Ia n b n ' / a e A 
n>l n 

% (a) = I J 1 a nV ' a e X 

The locally convex topology generated by the family 
{p^ib e X } (resp. {q^ib e A x }) is Known as the normal 
(resp, weak ) topology on X and is denoted by T7(A,A x ) 

Cresp. cr(A,A x )), 

We also make use of the following from [139] 

Definitions 1.3.1* A sequence space X is said normal 
Cresp. perfect ) if a G X whenever I a n 1 £ l£> n l * n > 
for some b G X (resp. X - A 50 ^* A seminorm p on X 
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is called solid if p(a) < p(b) whenever I a n l < lb n l, 

¥ n >_ 1. A sequence space A equipped with a linear topology 

T is known as a K -space if the co-ordinate maps P^;A*->IK 

defined by P^(a) = are continuous and an element 

a 6 A is said to have the AK -property if the n-th section 

where a^ n ^ = E a. e^ tends to a in the topology T. 
i=l 1 

A K~space A is known as an AK -space if each of its elements 
possess the AK -property. By the length of an element a in <P , 
we mean the subscript of the last non zero co-ordinate of a. 
Further a subset A of <P is said to be of bounded length b / 
if for each a in A, a^= 0 for i > Jb + 1. 

Proposition 1.3.2; A sequence space A is perfect if and 

x 

only if A is a (A, A ) -sequentially complete or T7(A / A )- 
sequentially complete or n (A* A x ) -complete. 

Proposition 1.2.2; A subset B of <P is o (((> ,(j>) bounded 

if and only if there exists a sequence { r^} G with 

r. > 0/ i > 1 such that I a. I < r . , for each a in B, and 
i — ix 

B is of bounded length. 

Proposition 1.3.4: (i) On u>, a(o>,<P) = 77(o,<p) » 0(w,<P) 

and (ii) on <p , o(<P,u) CZ V(<P,<j)) = |3(<P,o)) . Further the 

sequential convergence on o ((p,u) is same as sequential 
convergence in 

Kb*the Space 

In this subsection we mention a particular type of 
perfect sequence spaces. Indeed, we have 
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Definition 1.3.5: A subset P of w satisfying the 

conditions (i) each a Q P is positive (ii) for a#b 
in P, there exists c in P with a < c , b < c , V n 
and (iii) for each n g ffl, there exists a 6 P with 
a n * > tailed a Kbthe set or a power set and the 

sequence space 

(1.3.6) A (P) * fb G w:p a (b) = I b n l a n < « , v a 6 P} 

is known as a Kbthe space generated by P. 

The natural locally convex topology on A(P) generated 
by the family {p :a 6 P} of seminorms is denoted by T„. 

a. Ir 

It is known that (A(P) ,T p ) is complete (cf. 209 , p. 98) 

Definition 1.3.7: A Kb'the space A(P) is said to be a 
G^ — space or a smooth sequence space of infinite type 
[ resp. a G^ -space or a smooth sequence space of finite type ] 
provided P satisfies the following additional conditions? 

(iv) for each a G P* 0 < a n < a n+1 <... [resp. 0 < a n +i^ a n < * • • ] 

(v) for each a 8 P, there exists b 6 P such that 
2 2 

a n < ^ [ resp. a n < b^ ] , n > 1. In this case we say 

briefly that P is a G^-fresp. G^-] Kothe set . 

A positive increasing sequence a = {a n J is called 

311 exponent sequence if lim a = oo . For such a sequence a, 

- n n 

let us write 

a 

P 1 = UR n ] : R > 0} 
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and 

P 2 = {{ R n 3 : R < 1 } 

Then one can easily show that and P^ are respectively 
K6*the sets of infinite and finite type. The Kb°the space 
A(P^) ["resp. A (p ) ] is called a power series space of 
infinite type [resp. power series space of finite type 1 
and is denoted by a (a) [ resp. A. (a)] . For a = log n, 
the space A Qo (a) is the well known Frechet space S of 
all rapidly decreasing sequences . 

Following two re suits , respectively known as 
Grothendieck-Pietsch criterion for nuclearty and Schock - 
Terzioqlu criterion for Schwartz -property are taken from 
[139] 

Propo sition 1.3.8: A sequence space (X, T)(X,X )) is 
nuclear if and only if for each a 6 X* , there exists 
b 6 / a n < b n * v n > 1 such that { a n /b n } e . In 

case X = A (p) t Xj is replaced, by P. 

Proposition 1.3.9: A sequence space (X, h(X,X )) is 

Schwartz if and only if for each a S X* t there exists 

b 0 X+, a n 6, b n , V n > 1 such that ^ a n / b n I e c 0 * For 

X = A (P) / X* is replaced by P. 

Kothe Matrix Space 

We follow [138 ] to recall a few unfamiliear definitions 
and notation. By q we mean the collection of all scalar 
valued infinite matrices (a^) with usual coordinatewise 
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vector operations. Let (e 1 ™ 1 ) denote the infinite matrix 
whose all entries are sros except the meet of m-th row and 
n-th column which is one. Any sub space A of Q with 
A • ' the linear space generated by {e^^+n > 0} , 
is called a Matrix space . For any matrix space A , let 
us introduce the K-dual A# of A as follows! 



(b ) e 

ran 


2 2 
m+n>0 


a b 
ran mn 


< 00 


¥ a e a } 


Further for a G Q /if 


U) = B B a, n e“, 
0<m+n<s 


( s ) , 

then a is called the s-th plane section of the matrix 

a = (a mn ) * 

At the end of this section, let us also recall the 
following three infinite matrix spaces 

9 11 = la = (a ) : B B I a I < “] ; 

^ mn m+n>0 im 

c = !a “ (a mn ): - 0 as ra+n * ”> 5 

oo 

and 


ft oooo 

X = Ca = (a^) : sup ta^l < 00 , m,n > 0}. 

m,n 


1*4 Functions of Several Complex Variables 

For n 0 IN , n > 1, we write CC n , IR n and IN n , for 

the cartesian products ct xd: x...xC,3RxIRx. ..xIR 

n-times n -times 
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and IN x IN x. ..x IN respectively. For a = (a^, a 2' * * * ' a h^ 
n -times 

(D n or ]R n or IN 11 / we define 


llall= !l(a,...,a)M = laJ +. . .+ la I 
ini n 

Then the spaces <i n and IR n equipped with these norms 
are Banach spaces where as IN n is a metric space. We will 
denote a member of d n , IR n and IN n respectively by 
z, r and m. For m 6 IN n / we set 

m ! = raJ .. .rn ! 

l n 

If a £ <I n and p = (p^,...,p), the polycylinder ( polydise ) 
with centre * a' and (poly) radious 1 p * is the set 


D(a,p) = $z 6 T n : i a i ^ < ^ i * i < i .< n ^ • 

D(a,p) stands for closure of D(a,p) in d n . Further, if 
z G d n and m e IN n , we write 


(1.4.1) 




Definition 1.4.2: A complex valued function f defined on a 
region Q is said to be holomorphic on Q if for 

each z G Q it has partial derivatives 


3f 


lim 

Az^ *♦ 0 




Az, 


V* * / * • • f n 
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The function f is said to be holomorphic at a point z 6 <t n , 

if it is holomorphic in some neighbourhood U of z. A 

z 

function defined on (E n is said to be entire if it is 
holomorphic for every z 6 <J n . 

For details of the theory of functions of several 
complex variables, we refer to any of the texts [113], 

[ll7] and [l44]. However, we mention here a few, namely. 

Proposition 1.4.3: If a series E f_(z) consisting of 

n>l 

functions holomorphic in some region Q (3 d n , converges 
uniformly in that region, then its sum is holomorphic on 
that region. Partial derivatives of all orders of f may 
be obtained by term. wise differentiation of the original 
series. The series thus obtained, converges uniformly in Q . 

Theorem 1.4.4: If a function f is holomorphic in a 
polycylinder 


D(a,R) = Uz 1 ,...,z n ) : Iz^zH < 1 < i < n } , 


then at all point z of the polycylinder 


(1.4*5) f (z. , . • • * 2 ) — S C. 

1 n ki,...,k n >0 x l'* 


ki 

.,k n (z l- a l ) ••• ( V a n ) 


where 


(1.4.6) CL v 

& 1 # • • • * 


k^ !. . .k n 


k +•••% . 
■.C 2 ^ r- 1 1 


025-1 • • 0 0 Z 


n 


z . -a. , 1 <1 <n 


n 



15 


The series (1.4.5) converges absolutely and uniformly 
in the polycylinder D(a,R) . The representation of the 
function f(z^,...,z n ) by the series (1.4.5) is unique. 

Proposition 1.4. 7: The series (1.4.5) converges on 

D(a,R) if and only if 

1 

(*) lim ( I CL ] R k ) J 1 1 K l 

I K 

, k 1 k 

where k k ), R* = R- . ,.r n and llkll =k+...+k. 

* i n in in 

In case of entire function (* ) is replaced by 

1 

Ilk! I 

lim I C, I =0 

llkll-- K 

Theorem 1.4.8: Let D(a ,p) be an open polydisc and f a 
function continuous on D(a,p) and analytic in each Zy 
Then 


i f » • • • t £ n ) 

f(z 1 /.../ z ) = — / in 


J1 n (2ti) n 3D(a,p) (^ 1 -z 1 )...(5 n -2 n ) 


i * • * d £ n 


(1.4.9) 


m m mi f O O O f mm 

(2fti) n I5 1 -a 1 l=p 1 U n -a n l =P n ( ^l“ z l ) **• C ^n” z n 


f (§2^ •«•#£„)<* £]/** d l 


and f is analytic on D(a/p). 

Proposition 1.4.10 ( Cauchy Inequality ) Let f(z) be 
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holomorphic on the polycylinder D(a,R), satisfying the 
condition i f (z ) I < M» If f is represented by the 
series (1.4.5), then 


(1.4.11) 


where k 


lc k' < 


R } 


, . . »,k^) 


and R = R. » . ,R. 


n 


n 


Lastly, we have from [40] 

Definition 1.4.12J For n 6 IN , we write 


IN n = { m*m=(m^, . ««,m n ,0, ...), rtu 6 IN, i=l, . . ., n } 

and IN ( IN ) _ y IN n . For m 0 IN with 

n>l 

m=(m^, . . . ,m n ,0, .-.-. ) and z S to, define a map f^Jto -* Ct 
by 

00 m 

v-iri t \ m r r*""i n 

f (z) = 2 = TT z n 

n=l 

where z m is the one as given in (1.4.1). Then the 
mappings B 1 or !z m !in 6 ® ate 

called monomials . 


1.5 Holomorphy 

For the results and definitions of this section, the 
references are [36], [102] and [191]. 

Holomorphic Mappings 

For two Banach spaces E and F, we denote respectively 
by and bCas^ mE/F ^ the vector space of 
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all m-linear mappings and a subspace of JP ( m E, F) 
consisting of symmetric mappings. The subspaces of 
^(^F) consisting of continuous m-linear mappings 
and continuous symmetric m-linear mappings are denoted 
by ( ^( m E / F) and c 7^ s ( m E / F) respectively. The space 
0 ^( m E / F) is a Banach space with respect to the norm 


1 lA(x-,,.../:xt) I I 

I IA i | = sup - 

| 1 x 1 1 | ... 1 | I i 

and ^P s ( m E,F) is a closed subspace of . 

For m=0, we set 

^ a C°E-F) = ^ aS C°E,F) =0 g(°E,E) =^ S ( 0 E,F) =P 

Definition 1*5*1* To each A G ^ > a ^ m E / F) and x 6 E, 
we write 


Ax m =A(x/.../x) t m > 1 
m-times 

and Ax°=A if m=0. The mapping P m : E •* F, defined 

corresponding to A G^rE^F) by the relation 

# 

P m ( x ) = Ax m / x 6 E 
m 

is known as the m- homoqeneous polynomial associated with A. 
The vector space of all m-homogeneous >polynomials from 
E to F t associated with all AG^ ( m E,F) # is denoted by 
and the subspace consisting of all continuous 



m-homogeneous polynomials is designated aSjf^( m E, F) 
which is a Banach space with the norm, given by 


IP 


m 


= sup 
x*£> 


IIP (x)li 
m 


lx| 


m 


Next, we have 


Definition 1,5.2: A continuous polynomial P from E 

to F is a mapping from E to F given by 

(*) P = P +...+P m 

o in 

where P^ S C^E, F ) , k=0,...,m, for some m 6 ®, The 

symbolic) (E, F) stands for the vector space of all such 
polynomials from E to F. The representation of each P 
injp (E / F) given by (-' ) is unique. 

Let us now consider some special type of continuous 
polynomials. To begin with, let us observe that 
g m 8 ( m E,(t) =^3( m E), for g e E' 1 ' • This leads to 

Definition 1.5.3* A member of the subspace of^£)( m E), 
spanned by the collection {g^Jg G E ’ ,c } is called a 
polynomial of finite type and the collection of such 
polynomials is denoted by ( m E). 

On the subs pace of we have another 

stronger norm II. U N known as nuclear norm defined by 

(1.5.4) 


n 


I IP I l KT = inf i E I HP. I l m :P 


n 

S cp. # 6 E / ±=1 # - • 
i=l 1 1 


where the infimum is taken over all possible representation 
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The completion of ( m E) , I I > I I N ) in ^3 ( m E) is 

the Banach space whose members are called 

nuclear m- homo aeneous polynomials on E. 


Concerning power series, we have 


Definition 1,5.5 s A power series from E to F about 
§ G E is a series in x e E of "the form 


(*) 


S P (x-f) 

m>0 m 


where P m e ( /3 ( m E, F ) , m=*0, 1, . . , 


m v7 

The largest number r, 0 < r < 00 , for which the power 
series given in (*) converges uniformly on each 

0 <P<r, where Bp(|) is the open ball of 
radious P having centre at t, is known as the radious 
of convergence . It is given by 


lim I I P I I 1/m 
m 

Further, we have 

Proposition 1.5.6t A power series (*) is convergent 
if and only if the sequence II IP m I I m > lJ is 
bounded. Also, if the sum of (*) is equal to zero for 
each x 6 ®p(§) for some P > 0, then P m =0 for each m. 

We now begin our discussion on holomorphic mappings 


from the following 
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Definition 1.5.7-i Let U be a nonempty open subset of E» 

A mapping f;U -* F is said to be holomorphic on U if, 

corresponding to every £ S U, there exist power series 

2 P fc(x-§) from E to F about I and some P > 0 
m>0 m ' 5 

such that Bp ( £ ) u and 

(1.5.8) f(x) = S P 

m=0 m 

uniformly for x 8 Bp(|)* In this case the power series 
is usually known as the Taylor series of f at £ . The 
collection of all holomorphic mappings from U to F is a 
vector space with respect to usual pointwise vector 
operations and is denoted by H(u,F)« 

For f 0 H(U,F) having representation (1*5.8), we 
define the m- di f f erentials of f at I by 

(1.5.9) d m f ( £ ) = m ! P , 

m, s 

A 

where d f maps U into 
Remark « The above definition of holomorphic function can 
be given on an open subset U of a TVS when F is sequen- 
tially complete with appropriate extensions of the 
definition of m-homogeneous polynomials etc* Some more 
extensions of the notion of holomorphic mappings are 
contained in 

Definition 1*5.101 Let E,F be l*c* TVS and tJ a non-void 
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open subset of E. Then f is said to be Silva holomorphic 

on V, if for every absolutely convex bounded set B of _E 

and every absolutely convex neighbourhood v of 0 in F, 

the restriction of K^o f to U Eg with range in the 

normed space F^ is holomorphiC/ where E g is the normed 

space [} nB normed by the gauge of B and F is the 
n > 1 v 

usual quotient space F/ker p v * 

Definition 1.5.11: Let E and F be two TVS, F being 

sequentially complete. A mapping fS-U ** F is said to 

be G- analytic on U, if for every 5 6 U, there are 

P 6 e 0( m E,F) such that 

m / 5 w J a 

oo 

(1.5.12) fit + h) = S P„ t (h) 

m=0 

where the series converges uniformly for all h in a 
neighbourhood of origin in E. 

Topologies on H(U,F) 

On the space H(U,F) # we have three natural locally 
convex topologies defined in 

(1.5.13) Compact Open Topology x Q s For a compact 
subset K of U and f 6 H(U,F), we define a seminorm 

pu.(f) = sup llf(x)ll 
xGK 

The topology generated by the family of all such seminorms 
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CPpriKd-Ui is called the compact open topology or the 
topology of uniform convergence on compact sets and is 

denoted by x . 

o 

(1.5.14) Nachbin Topology pi A seminorm p on 
H(U,F) is said to be ported by a compact subset K of U if* 
given any open subset v of U containing K, there exists a 
constant C = C (v) > 0 for which 

p(f ) < C sup I If (x) I I 
x£y 

holds for every f 6 H(U,F). The topology generated by 
all seminorms on H(u # F) / which are ported by compact 
subsets of U is the Nachbin' s topology denoted by p • 

(1.5.15) Countable Compact Open Topology p^. It is 

the topology generated by the family of all those seminorms 
p on H(u,F), which satisfy the condition; for every 
increasing countable open cover of there exists 

a constant C > 0 and n G IN such that 

p(f ) < C sup I I f (x) I I , V f e H(U,F) 
xGU 

n 

In general# c! x 5 * But ' 

p = p = t ( <==> dim E < 00 . 

O (j) o 

The bornological topologies associated with p Q and p^ are 
respectively denoted by ^ and p^ For the details 

of these topologies we refer to [64] and [190], 
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Several Notions in Holomorphy 

To begin with, we recall from [191] the holomorphy 
type contained in 


Definition 1.5.16: A holomorphy type © from E to F is a 
sequence of Banach spaces (j/5 ^E, F), I) . | | g ), m G 2N 
satisfying the following conditions: 

(i) Each ^J^-^( m E,F) is a subspace of^^( m E,F); 

(ii) coincides withJ^(°E, F) as a 
normed vector space; 

(iii) There exists a real number cr > 1 such that 
for given n e m e n <_ m, x 6 E and PepCE,^), 

d n p(x) e^Q( n E,F) 

and 

I I cPp(x) 1 i 0 < cP I IP i I I I xH m ~ n 


n! 


0 


Definition 1.5.17; A given f e H(U / F) is said to be of 
8 - holomorphy type at £ 0 U, if 

(i) cPf (£) 6 ( m E / F) for m 6 IN 

y 0 

(ii) There are real numbers K _> 0 and C >0 


such that 


I I K d m f ( §) I I Q < KeP for m 8 IN 
mi y 


Moreover, f is said to be of a - holomorphy type on U if 
f is of 8 -holomorphy type at every point ofU . 
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Remarks The above notions are useful in unifying the 
results on compact and nuclear holomorphic mappings. 

Following is taken from [47], 

Definition 1.5.18s Let E and F be two Banach spaces 
and H(K,f) be the collection of all F-valued mappings 
which are holomorphic on some open subsets of E containing 
K. Then two mappings f^ and f£ in H(K,F), defined on open 
subsets and respectively/ are said to be equivalent 

modulo K/ if there is an open subset U of E containing K 
and contained in f] U ^ such that f ^ (x) = f 2 (%) for 

every x e U. Each equivalence class defined with the help 
of this relation is referred to as a holomorphic germ on K . 

Next/ we recall from [59] 

Definition 1.5.19s An open subset U of a Banach space E 
is said to be Runge set if the polynomials on E are dense 
in H(u) with respect to the compact open topology. 

Lastly, we quote from [3 6], [102] the following 

Definition 1.5.20s Let E be an l.c. TVS. For T e (h(E), x & )* 
the Borel transform T 6 (h(e*),t 0 ) of T is given by 


TOP) = Tte 9 ) 


jci 


where <P 6 E* and e^ = S 2-6 h(e). 


n>0 

-Wr 


Definition 1.5.21! Let Ep be strong dual of an l.c. TVS 
E and f 8 H(Ep). Then f is said to be of exponential type 
on Ep if there exists a balanced, convex and bounded 
subset B of E and a constant C > 0 such that 
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PoW 

lf(?)l < C e B , V ¥ G E* 

where p (?) = sup £ i?(x)l 5x SB], We write 

* B° * 

Exp Ep a {f»f e HCEpV, f is of exponential type on Ep}, 

Definition 1.5.221 Let E be a Banach space. An exponential 

<P 

nuclear polynomial on E is a polynomial of the form Pe 
where 6 E * and P 6 H^Ce) , the space of all holomorphic 
mappings ftE - <c such that ct n f (0) 6 _^ N ( n E) and 

I ld n f (0 )| | „ 1/n 

llm ( - O 

n -> oo 

Definition l. c i.23* Let E be an l.c. TVS and x a locally 
convex topology on H(E), Then a convolution operator Q 
on (hCe),-];) is a continuous linear mapping QjH(E) ■* H(E) 
which commutes with its translations. A convolution 
operator Q is said to satisfy Malqranqes theorem (M^ ) 
if the kernel of Q is the closed linear span of 

. (p <p * 

te»<e # Q>=0, <P 6 E } with respect to the topology 
x Q and Q satisfies Malqranqes theorem (M 2 ) if Q is onto. 



Chapter 2 


History and Motivation 

2.1 In troduc tio n 

This chapter presents a scenario of developments 
in finite and infinite dimensional holomorphy and the 
theory of nuclear spaces; however, our treatment here 
is not - exhaustive by all means. For the sake of simpli- 
city we devide the whole chapter into three sections 
dealing respectively with finite dimensional holomorphy, 
infinite dimensional holomorphy and nuclear spaces. 

2.2 Finite Dimensional Holomorphy 

Before we pass on to digging out some historical 
aspects of this theory, it would be appropriate to 
mention here that finite dimensional holomorphy is 
nothing but the study of holomorphic mappings on finite 
dimensional spaces. No doubt, much is known about this 
theory and its origin dates back to Cauchy, but we 
mention here only the recent advances on the class of 
holomorphic mappings of several complex variables, 
related to their topological structure, series represen- 
tation etc. We present the same in chronological order - . 



27 


It is well known to analysts that the entire 
functions have two distinct representations in the form 
of series/ namely (i) Taylor series and (ii) Dirichlet 
series. Indeed, to our knowledge it was Uryson [257] 
who considered the spaces of entire functions represented 
by Taylor's series in 1924. Later, in 1945, a systematic 
study of the spaces of analytic functions in a disc was 
made by Markus evic [165] who proved that the spaces 

of entire functions, endowed with the topology of uniform 

* 

convergence on closed set of points of the disc, is a 
Frfechet space, A few years later, Iyer [122], [123], 
[124], [125], [126] took up the study of different 
spaces of entire functions, for example, the spaces of 
entire functions having finite growth properties etc. 

(cf. [126]) and studied various topological aspects of 
the spaces including the basis representation of entire 
functions relative to the topology generated by the 
metric defined by the coefficients occuring in the Taylor 
series expansion. This study was further continued by 
Arsove [8], [9] and Krishnamurty [156] who made systematic 
study for spaces of analytic functions on a disc. 

On the other hand, a topological study of the spaces 
of entire functions represented by Dirichlet series was 
picked up by Kamthan [130], Husain and Kamthan [120] 
around 1968, who proved that such spaces are Montel. 
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Later in 1972, Gautam [94 J made further investigations 
for these spaces related to the basis representation 
of their elements . 


Almost at the same time, Kamthan [l3l] considered 
the space of entire functions of two variables, equipped 
with the topology generated by the paranorm 1 1 f I | 
defined as 

1/m+n 

I I f M = sup { Ia OQ l ; ja^ I ‘ , m, n >0, m+n >1 } 

where 

f(z, ,z~) = 2 2 a m „ sM, z, , z~ 8 (t . 

12 m > 0 n > 0 mn 1 2 12 


Besides proving the results on bases, he also showed 
that it is a Frfechet space. In 1973 Gupta [106] further 
carried out a similar study for entire functions having 
finite growth and the space of analytic functions on 
polydiscsj cf. also [135], [136], [137], 


Around the year 1976, Kamthan [132] considered the 
class X of entire functions having order 1 and type 0, 


i.e* iff 6 X, then 


f ( z ) = 2 a z n , I a„ | - n - 0 as n •* » 

n>0 n n 

and 

1/n 

lim [n ! la I ] 

n-oo n 


= o 
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After topologizing this space suitably, he proved its 
Fr&chet character along with some results on basis* 

Regarding the dual of the space H(<C n ) of holomorphic 
mappings defined from <I n to d , we have a character!- 
zation due to Ansemil contained in [ 3 ]* 

Recently in [134], a different approach to study 
the spaces of entire functions of two variables having 
finite order and type zero have been considered via the 
use of matrix spaces, 

2.3 Infinite Dimensional Holomorphy 

As the name suggests, infinite dimensional holo- 
morphy is the study of holomorphic mappings defined on 
open, or compact, or more general subsets of complex 
locally convex spaces. Essentially, it was L. Nachbin 
[189] who developed the present theory of infinite 
dimensional holomorphy. In fact his aim was to extend 
the finite dimensional distribution theory of Schwartz 
[24l], linear partial differential operators of Hormander 
[118] and Treves [255] and analytic functionals of 
Martineau [166], This was largely accomplished by 
Nachbin [189] in 1963 through a series of lectures which 
envelop the basis on multilinear operators and fundamen- 
tals of analytic functions from Banach space to themselves. 
At the behest of the development of nuclear spaces 
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essentially due to Grothendieck [lOl] and the classical 
work of Malgrange fl64] on convolution equations on the 
space of entire functions. Nachbin and Gupta [102] 
obtained/ on a suggestion from the former to the latter, 
several basic results on the structure of a certain 
vector subspace H^^E/d), the space of nuclearly entire 
functions of bounded type (c.f. Chapter 6, Section 2, 
the space I^(E) for P = c Q of the space H(£,<t) of 
entire functions on a complex Banach space to <X. For 
instance, let us recall the following from [102]. 

(i) The Borel transform sets a one to one corres- 
pondence between ' T 0 ^ anc ^ vector subspace 

exp E* of all entire function of exponential polynomial 
type. 

(ii) For the convolution operator *» (E, d ) , 

every solution of a convolution equation Q=0 can be 
approximated by a finite sum of exponential polynomial 
solutions of the equation and QB^^(E,Q) = H^^E/CE), i.e* 

Q is onto. 

It was also found useful to distinguish between 
various types of mappings such as compact, nuclear, 
integral etc. Since holomorphic functions can be 
uniquely represented in terms of homogeneous polynomials 
satisfying certain conditions, one may define various 
subspaces of the space of analytic functions which 



31 


depend upon a particular class of polynomials, for 
instance one may refer to the work of Gupta [103]# [104], 
[105]. Motivated by his disciple's contribution in 
these papers, around 1969, Nachbin [191] brought forth 
the concept of ©-holomorphy. This concept of 
©-holomorphy is accountable to further researches in 
the theory of holornorphic functions on Banach spaces:* 
Notably among the early contributors in these directions 
are Alexander [l], Aron ^], Barraso [12], Bochnak and 
Siciyak [25], [26], [27]; Boland [28]; Bremermann [45], 
[46]; Chae [47], Dineen [57], [59], [60]; Dwyer [85], 
Greenfield and Wallach [96], Matos [168], Meise [175], 
Rickart [222], [224], Schottenloher [239] and many others. 

Later on, analysts studied infinite dimensional 
holomorphy in more or less four directions by way of (a) 
restricting the underlying spaces, (B) restricting the 
representative polynomial coefficients, (c) combining 
(a) and (B), and (d) studying various topologies on the 
space of holornorphic functions* 

In what follows, we briefly touch upon the foregoing 
aspects (a) through (D). 

(a) The development in this category is basically 
in two directions, namely, when E is a Banach space or a 
Hilbert space and secondly when E is an arbitrary locally 
convex space or a topological vector space, as indicated 
by the following diagram. 
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H(E,F) 

4 , 

H(E,<$) 

iZ 'l / \l 

H(B ,<t) H(H, (t) H(E,<D) 

B = a Banach space; H = a Hilbert space; 

E = arbitrary l.c> TVS or TVS and F = a Banach space 

In what follows, we endeavour to present a chrono- 
logical account of these two directions of development 
concerning (A) . 

In late sixty, Dineen [57] carried out rigorous 
investigations on different aspects of Q-holomorphy* 

In particular, he obtained conditions which force a 
pseudoconvex domain (i.e., a domain X in d on which 
a continuous function having its restrictions on discs 
in X as subharmonic which is bounded below) to become a 
domain of bolomorphy and generalized the Cartan-Thullen 
theorem-, namely, XCd n is a region of holomorphy if 
and only if for each compact set K£TX, the set 
j x e x: If (x) I < I tf I l K , V f G H(x) } is compact, from 
<X n to a Banach space* Later in [58], [59], [64] he 
studied several structures on the space H(u) where U is 
an open subset of an l:.c> TVS or a Banach space E with 
Schauder base or decomposition, useful for the characteri- 
zation of certain Runge domains which play an important 
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role in the study of analytic continuation in infinite 
dimension. For further researches in this direction 
one may refer to Dineen [57], [6l]> Hirsomtz [116]; 
Nachbin [193]; and Noverraz [203], [204], 

At the same time, attempts were made to strengthen 
some of the earlier results on H(B, <#), when the domain 
space B in H(B, <£), is replaced by a Hilbert space. Work 
in this direction was carried out by Harris [ill] and 
Dwyer [85], [86]. 

During the years 1972-75, sufficient attention was 
also paid to discoyer result on convolution operators 
and Borel transform. In particular, let us recall the 
following theorems of Nachbin [193] and Boland [29] 
res pec tively ; 

"A complex valued function on B* is the Borel 
transform of a continuous linear form on H^Cb,®) if 
and only if it is entire function of exponential type 
on B*". 

''Kernel of any convolution operator on ct), 

the weighted subspace of nuclearly entire functions of 
bounded type, is the closure of the subspace generated 
by the exponential polynomial functions in the Kernel". 

On the other hand, Dineen [64] took the initiative 
of extending the holomorphy theory on Banach spaces to 
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the setting of locally convex spaces, which was further 
carried out by Boland.v lb single out a few important 
results on H(E,<£), E an l.c, TVS, let us quote the 
following from [3l] and [33] respectively. 

"If E is a quasi-con pi ete nuclear, or dual nuclear 
or dual of a Frechet-nuclear (i,e a DFN space) space, 
then the space (h(e,(C),x 0 ) admits convolution operators 
satisfying Malgranges Theorems * ' . 

"If E is a quasi-complete nuclear space, then 
(e*,P (e*,e)) is nuclear if and only if the space 
(H(e,CC)^t 0 ) is nuclear* Further, if E is a DFN-space 
and G a closed subspace of E, then the restriction map 
H(E,<£) -* H(G, G) is a continuous, linear, open and 
onto map' ' . 

Towards 1973 Nachbin [196] examined the factori- 
zation of holomorphic functions defined on the inductive 
limit of an increasing sequence of normed linear spaces 
iE } such that every bounded subset in is relatively 
compact in E n+ ^/ i*e. a Silva space. 

Concerning analytic continuation and extensions of 
domains of hoiomorphy we would like to put on record 
the work of Aurich [10]/ Dineen [60], [63], [66], [67]; 
Barraso, Matos and Nachbin [13], Herve [112]> Muj'ica 
[187], Nachbin [195], [197]; Pincku [211] and Rickart 
[223], [224]. 
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The years from 1975 to 1988 have been quite creative 
for the development of holomorphy in the setting of 
locally convex spaces, more specifically nuclear spaces; 
for instance, we may mention the contribution of 
Bierstedt and Meise [l9], [20]; Boland [36], [37]; Boland 
and Dineen [39], [40], [4l], ^42]; Borgens Meise and 
Vogt [43], [44]; Dineen [69], [70], [72], [73], [74], 

Dwyer [86] and Mujica [186], To have an insight into the 
recent advancement, let us quote a few important results 
of these mathematicians in the chronological order. 

To begin with Boland [36] in 1976 proved the 
existence of a Schauder base in dpr E, (C) , e ) where E 
is a Frechet nuclear space with its dual E having a 
Schauder base, and e is the topology of uniform conver- 
gence on bounded sets of E. 

Around 1978, Boland and Dineen [40 ] exhibited the 
basis character of monomials [cf* Chapter l] for the 
space (H(A( P),<$), x q or where A(P) is a fully 

nuclear Ko* the space. They also proved the folio wing t 

"If U denote an open polydisc in the fully nuclear 

space E as A(P) with a basis, then the strong dual of 

(H(u) # t q ) is algebraically isomorphic to the space hCu 14 ) 

of holomorphic germs on the compact polydisc A where 

i/ 1 * £ (to ) _ £ E*s sup lco z I < 1, v z as (z )][ , 6 u 1 ; 
n n=l n n n — n n=l 
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and the strong dual of (H(u) / x a) ) is algebraically 
isomorphic to the space EU^Cu^)". 

Almost three years later, Borgens , Meise and 
Vogt [43l contributed the following, regarding the study 
of holomorphy on power series spaces of infinite type. 

"The spaces (H( (S*,P (S' :: ',S) ),<t) , T ) and 

(H(H(q: N ,clO)| /To ) are topologically isomorphic to the 

spaces respectively S and A ( (ln(n+l) ) N+1 / N ) 

00 n o jum 

where S is the space of all rapidly decreasing sequences. 
Further (h( A^Ca))^, t^.) is isomorphic to the space 
(+) A^CPCa)) for any stable nuclear power series space 
A^Ca), P(a) being a suitably choosen sequence". 

In a subsequent paper [44], they also proved the 
A (P (a) ) -nuclear ity of H(q, <E), open in E, E being a 
quasi-complete l.c. TVS such that (E*, P (E*,E) ) is 
A (a) -nuclear where a - A , A, or A„ and also A (P (a) )- 

00 -L iN 

nuclearity of the strong dual of the space H(k) of 
holomorphic germs under suitable restriction. 

(B) As mentioned earlier, the nature of coefficient 
polynomials play an important role in enriching the 
structure of various subspaces of holomorphic mappings. 

To unify the study of various subspaces, Nachbin |”191] 
introduced the notion of ©-holomorphy (cf* Chapter l). 
However, concerning this aspect of study in holomorphy. 
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it will be worthwhile to recall a few basic results of 
Dineen obtained in [57], In fact, he introduced the 
concept of a-holomorphy type, a -P -ho lomorphy type and 
a- P - 7 -ho 1 omor phy type-. For a-holomorphy, he showed that 
the topology t wcc arising out of a-holomorphy is the 
finest locally convex topology which induces on each 
subspaces of homogeneous polynomial its original norm 
topology and for which the Taylor series converges 
absolutely. For a-P-holomorphy type, he characterized 
the dual spaces using the Borel transforms-. Further 
for a-P-7-ho lomorphy type, he proved that the partial 
differential operators are onto maps and the solutions _ 
can be approximated by exponential polynomial solutions". 

Almost at the same time, another promising direction 
was added by Chae [47] who introduced the space H ^ (K,F) 
of germs of holomorphic mappings around a compact set K 
for a ho lomorphy type q 

Around 1973-74, the investigations of Boland [29], 
[30] and Dwyer [85], [86] regarding the study of 
convolution equation on the space H^Ce^/F), gave rise 
to the development of Hilbert-Schmidt type and nuclear 
type: holomorphy* However, for bolomorphy types on open 
subsets of Banach spaces, we may refer to the work of 
Aron [5]. 
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Another significant contribution was from Nachbin 

and Dineen [199], who basically proved that a complex 

valued function on E* is the Borel transform of a 

continuous linear form on H^^CE^CE). They also answered 

an open problem posed by Nachbin himself in [l93], by 

giving an example of an entire function of exponential 

type on E*, which is not the Borel-transform of any 

c 

continuous linear form or H^CE), the space of holomorphic 

-^n 

mapping f with nuclear compact polynomials d f(0) such 

ll<k n f(0)ll l/n 
that { ( — — ~) ) G c q . 

Whereas a good account of compact polynomial and 
compact holomorphic maps between Banach spaces is to be 
found in the work of Aron [6] ; the composition of 
polynomials is dealt with in the work of Stevenson [247]. 

Around 1978, Colorribeau, Meise and Perrot [62] intro- 
duced the concept of Silva holomorphic maps (i.e. the 
mapping defined by the formal power series of polynomials 
in (cf. Chapter 1) and proved that, . holomorphic 

functions are dense in the space of Silva holomorphic 
functions with respect to the compact open topology' * . 

Zaine [266] also investigated the envelop of holomorphy, 
at the same time. 

A remarkable contribution in this direction, 
appeared in [5l], is due to Colorribeau and Matos, who 
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observed that the space (E) of nuclear ly entire 

functions of bounded type and H sN ^(E) of nuclear 
Silva entire functions of bounded type are algebraically 
and topologically isomorphic to the space H (E) of 

O 

Silva entire functions. This study on the space of 
nuclear Silva entire functions and [172] encouraged 
Matos, Nachbin [173] to carry out the researches of 
holomorphy type to the setting of locally convex space 
and there by introducing the theory of Silva holomorphy 
type. 

In [l8] , using the study of Silva holomorphic 
functions on complex l.c. TVS, Bianchini generalized the 
results of Dineen [57]. 

Finally, we quote the work of Ansemil and Ponte [4], 
who gave an example of a quasi-normable Frechet space 
which is not Schwartz. Indeed, they proved , 

* ' (H^CU/F) T fa ) , the space of holomorphic mappings 
of bounded type, is a Montel, Schwartz, or a nuclear 
space if and only if E and F are finite dimensional, 
where is the natural tpology arising out of 

boundedness' ' . 

(C) This part is a continuation of (A) and (B) . 

We have already come across with most of the contributions 
made in this direction either in (a) or (B) . However, 
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just to make the list more exhaustive# we mention a few 
more in chronological order. 

Around 1960# Bremermann [45] studied domains of 
holomorphy. In late sixties and early seventies Aron 
and Cima [7] ; Bochnak [23] j Bochnak and Siciak [25] > 
Boland and Dineen [38] ; Coeure [49]; Colombeau [50 ]j 
Dineen [58]# [60]#[65] ; Dineen and Nachbin [76]; Gupta 
[105]; Hirshowicz [ll4]#[115]j Lelong [161] ; Matos [169]# 

[ 170] , [171]# Nachbin [190]# [192]# [193], [194], [l95]j 
Noverraz [202]# [203 ]j Rickart [223]; Siciak [243] 

contributed to various aspects of holomorphy# for instance# 
Dineen [64] proved that 

" (H(U) , T ) is complete if and only if the space 

( t^) is complete for each m and if P m 6 {pi™ E)#^) 

such that {p(P m ) } 6 for each "^-continuous seminorm 

p on H (U) # then 2 P 6 H (U) * ' , 

m>0 

From the year 1975 onwards# analysts working on 
holomorphic mappings got interested to pursue the 
investigations of holomorphic mappings defined on nuclear 
or dual nuclear spaces. In this direction we may refer 
to Bierstedt and Meise _ [l9]# Boland [33]# [34], [37]; 

Boland and Dineen [38] , [41]; Colombeau and Perrot [55] j 
Dineen [69]# [70]# [74 ]• Dineen# Meise and Vogt [75]; 

Dinnen and Nachbin [76] ; Matos and Nachbin [172 ] » 
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Meise and Vogt [l77] j Waelbroeck [26l]. We quote from 
[40] the following 

''If E is fully nuclear space with a basis then 
strong dual of (H(U), or T (J ) is isomorphic to the 

space of holomorphic germs on compact poly disc 

on 

Another direction of re searches/ holomorphic mappings 
defined on Banach, locally convex and metrizable spaces 
centres around the work of Colombeau, Meise, Mujica 
and Vogt. Indeed Colombeau and Mujica [53] proved that, 
there always exists an analytic function which can be 
approximated by a formal power series. 

Lastly, it will be worthmentioning the contributions 
of Barraso and Nachbin [l5]; Bierstedt and Meise [ 20 ] j 
Boland [30]; Bremermann [46] ; Coeure [48]; Colombeau 
and Matos [5l] j Dineen [73] , [74] ; Dineen, Meise and 
Vogt [75] } Lelong [160] ; Matyszczyk [174] ; Meise 
[l76] ; Nachbin [198], Rolewicz [229] and Silvano and 
Trisi [244] . 

(D) Regarding the topological aspects of the class 
of holomorphic functions, let us go back to the days of 
Laurent Schwartz [ 241 ] who introduced the concept of 
inductive limit topology on the space H(E) of analytic 

functions. Later in [190], Nachbin observed that the 

* 

compact open topology and the inductive limit topology 
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on this space were insufficient to derive certain 
properties for instance, completeness of H(u) on 
certain domains of holomorphy and holomorphic extensions'.- 
This led him to introduce the ported topology x^ and 
countable compact open topology t*. which were thoro- 
ughly investigated by Dineen [64], for the general case 
of holornorpljy types,? Dineen [67], [68] also considered 
the Chae' s projective limit topology and proved results 
relating to these topologies. Some of his deep results 
regarding the topological structure of the space H(U) 
from [64] are quoted as 


"On the space H(u), (H(u),x w b ) = (H(u), Xg)<==> 

(H(u), t v.) is barrelled <==> r , is the finest 
0),b (0, D 

locally convex topology on H(u) for which the Taylor's 
series converges absolutely and which induces on^c)( E) 


the t w - topology for each m' 


" (h(u), x n t) is barrelled if and only if 

U | iD 


x -. ) is barrelled for each m and t 0 u is the 

U, D 'u g kj 


(0 ( m E) , 

finest locally convex topology on H(u) for which the 
Taylor' s series converges absolutely and which induces 
on©( m E) the t 0 b topology for each m". 


" (H(E), t is a Montel space whenever E is 

CO/ -D 

Prfechet nuclear' ' ♦ 

In addition to these results he also investigated 
conditions under which the topologies x Q , x w and x^ 



43 


are equivalent and the space H(u) equipped with t 0 
or or Tg becomes bornological, Schwartz and nuclear. 

Around 1974 Nachbin [197], besides giving some 
relations between the ‘projective and inductive limit 
topologies, also studied the impact of various topologies 
on holomorphy. He, in collaboration with Barraso [15] 
also characterized the bounded sets of H(U, F) with 
respect to the topologies x Q or x w or 

Almost three years later, Boland [36] proved the 
equivalence between the nuclearity of (E*,P{E*,E)) and 
that of (h(e),t) for x = x Q , t m or x^/ for a quasi- 
complete dual nuclear space E. He also posed a problem 
regarding Hahn-Banach type extension theorem for the space 
of entire functions with respect to the topologies x Q 

and x- . 

o 

X 

In case of an open subset U of I , Barraso and 
N achbin [ 14 ] proved 

"I is countable (reap, finite) if and only if 
t. = x^ (resp. x,, = x, . >), for the space H(<C I ,(t) / '» 

u) O U> u)/ JO 

Boland and Dineen [40 ] extended the above result 
namely, the equivalence between x Q and x w * to the space 
of entire complex valued function defined on the dual 
of a Frfechet nuclear space. Concerning the basis 
representation of members in h(e), they proved that the 
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space H(e) equipped with x Q or x w possesses a Schauder 
basis for a fully nuclear K<5the space E and further 
obtained the Schwartz# Montel and nuclear character of 
the space H(u) relative to -r and x,.« 

O U) 

Using a result of Dineen [64] that H(u) possesses s 
a x w ~Schauder or x^-Schauder decomposition# Isidro [121] 
established many topological properties for this space 
for instance# he proved 

"If (H(u)# x^) is complete# then so is the space 

(h(u) # x-)". 

6 

By using the idea of inductive limit topology# 

Mujica [186] simplified the work of Chae' s who proved 
results on holomorphic germs with respect to the 
topology x w . 

Almost at the same time# Biers tedt and Meise [20] 
investigated that H(k) has the inductive limit topology 
of the system (H(u)# and obtained several results 

concerning nuclearity and Schwartz property of H(k). 

Using the holomorphic germs technique and inductive 
and projective limit topologies Boland and Dineen 
further generalized the work of [68] in [39]. 

A good account of topological aspects of space of 
holomorphic mappings on Banach spaces as well as l.c* TVS, 
has been provided by Dineen in his book [73]* He rel'ated 



45 


the topology x c with x and x^ in the following form 

o CO o 

' ' If E is a Banach space with an unconditional basis 

then x c = x,, on H(u), for an open and balanced subset 
o w 

U of E' ' , 

' ' If a nuclear space E is isomorphic to the space 
S of rapidly decreasing sequences, then x^= x Q on H(e)"» 

Almost at the same time, Katsaras [143] proved 

that 

' * x~ x.. and x<- are equivalent on C(E,X), space of 
o co o 

continuous functions from E to a locally convex space X 
where E is locally compact and completely regular (resp* 

E is a Schwartz space and X is complete)". 

On the other hand, Boland and Dineen [42] studied 
the relationship of the topologies x Q / x^ and 6^ on 
the space of holomorphic mappings defined on the spaces 
of tests functions and distributions* Indeed, they 
established. 

''Let 2 be an open subset of 3R n and D(Q) be the 

Schwartz space of tests functions and D*(u) be Schwartz 

space of distribution then x Q = x^ = x^ on H(D(2)) 

and H(D (Q) ) HjjyCDCu) ) but H HY (D*(U)) »H(D*(Q)) 

and ^ x,. ^ Xe on H(D* (2))" . 

O ' 0) ' o 



46 


Recently# Jose [128] has obtained results similar 
to that of Katsaras for the space of bounded real valued 
continuous functions on completely regular spaces , 

Besides we would also like to put on record the 
work of Boland [32]; Colombeau# Meise and Perrot [52]; 
Meise [176]; Meise and Vogt [178] and Moraes [183] made 
in this direction. 

Finally a remark of Nachbin in [198] reveals that; 
the importance of holomorphy lies in its applications 
to Mathematical Physics, Electrical Engineering for 
studying Vol terra operators# Mechanics and Economics; 
however# the ties between the existing theory and its 
applications are still loose because of the lack of 
interaction between mathematicians and users. We 
sincerely hope that the existing gap would be bridged as 
the wheel of time goes by* 

2.4 Nuclear Spaces 

The concept of nuclear spaces is an outcome of the 
notion of nuclear operators which have their origin in 
the work of Schatten [236] and Schatten and Von Neumann 
[237] who studied the same on separable Hilbert spaces 
as '' finite trace-class operators''. Indeed# it was 
Grothendieck [101] who# motivated by the famous kernel 
theorem of Schwartz [242]# which characterizes a 
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bilinear functional on the space of infinitely differen- 
tiable function having bounded supports, introduced the 
notion of nuclear operators and nuclear spaces around 
the year 1953. He used the cumbersome technique of 
topological tensor products of l.c* TVS initiated by 
himself in his thesis, which was subsequently simplified 
by Pietsch [209] with the help of theories of vector 
valued sequence spaces and summ ability of families* 

The theory of nuclear spaces attained further 
significance especially after Mityagin' s work [179], 
[180] came to limelight. Indeed, inspired by a problem 
of Gelfand, he made use of the notions of n-th diameter 
[148] and e-entropy [*149] of Kolmogorov, diemetral 
dimension of Bessaga, Pelczynski and Rolewicz [17] and 
the approximative dimension of Kolmogorov [149] and 
Pelczynski [207], to give several characterizations of 
nuclear spaces. 

Further contributions along these lines have also 
been made by Schock [238] and Fenske and Schock [88] • 

We also mention the important work of Terzio^lu [25l], 
where the problem of diematral dimension has been 
subjected to further investigations and subsequently 
utilized in exploring the conditions for the nuclearity 
and Schwartz property of Kc5the sequence spaces. For 
further details on Schwartz spaces and historical remark 
on this subject matter, we refer to [133]. 
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The first universality theorem on nuclear spaces 
was proved by T* and Yr. Komura [151] in 1965. They 
proved that every nuclear space can be embedded as a 
subspace of a suitable topological product of the nuclear 
space S of rapidly decreasing sequence, which substan- 
tiated a conjecture of Grothendieck, namely, " Every 
nuclear space can be embedded in the product of power 
series spaces'' . In this direction we would like to 
put on record the contributions of Saxon [234] and Fehr 
and Jarchow [87]. 

The book by Wong [265], which embodies, apart from 
the theory of nuclear spaces, the theory, of Schwartz 
spaces and tensor products, is also a useful addition 
to the stock of literature on nuclear spaces. The 
monograph by Dubinsky [79] dealing with structure of 
nuclear Frechet spaces, is also worthy of special 
mention. 

On the other hand, from application point of view of 
nuclearity, one is referred to [75], [147], [155], [157], 
[158], [205], [206], [2 C 9], Indeed^ the importance and 
significance of nuclear spaces lie mainly in the fact 
that, all infinite dimensional locally convex spaces 
with a few exceptions, encountered in analysis are 
either normed spaces or nuclear spaces; for instance. 
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they include the space of analytic, entire, harmonic, 
infinitely differentiable functions and the space of 
distributions of Lv Schwartz, as particular cases; 

u» 1 

cf. [95], [209]. Further, the close association of 
nuclear spaces wich nolomorphy and a remark of Pietsch 
/# if a theory of structure for locally convex spaces can 
be developed at all, then it must certainly be possible 
for nuclear spaces because they are more closely 
related to finite dimensional spaces than the normed 
" , support our assertion. 


spaces 
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K5the Matrix Space 

3 »1 Introduction 

In this chapter we consider an extended class of 
analytic functions of several complex variables and 
investigate several topological properties of the same 
including the Schwartz property. For the sake of 
brevity we confine our attention to the two variables 
case only and attempt to extend the class of analytic 
functions of two variables in terns of infinite matrices. 
This new class A(P) of infinite matrices envelops the 
space of analytic functions in the bi-cylinder considered 
in 5-35 3 as well as the space of entire functions of two 
variables initiated in [131]. The last tvx> sections 
of this chapter are respectively devoted to proving the 
Schwartz property of the space A(p) and an arbitrary 
locally convex space X. Where as in Section 3# we find 
the estimates of Kolmogoroff diameters for proving the 
Schock-Terzioglu criterion for the Schwartz property of 
A(P); in Section 4 we prove the Schwartz property of an 
arbitrary locally convex space via a notion celled diame' - 
trical dimension which is defined with the help of 
Kolmogoroff diameters. 
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Nr. 


h <] QOi ft 

£ *L A * . S', JO 


3.2 Structural Properties 

As mentioned above, we study in this section the 
class of analytic functions of two variables in the form 
of the space A(P). Recalling the definition of from 
Chapter I, we introduce 

Definition 3.2-.1* A set PC’ a is called a K- box if the 
following three conditions hold! 


(i) For each x in P, x^ n > 0, V m, n > 0; 

(ii) For x, y in P, there exists z 6 P such that 

x_ < z , y < z~ , V m,n > 0/ 

^nn — ran' 7 mn— mn' — 

(iii) For each (m, n) GIN there exists x in 

P with x^ n > °* 

Corresponding to a K-box P, the space A(P) defined 


by 

A ( P) ss {x 6 05 P (x) = SS 1 ■ x mn l a mn < ' v a 6 P}, 

m+n>_0 

is called a Kffthe matrix space . The family {p a *a e p * 
generates a Hausdorff locally convex topology on A(P) 
which we denote by T p . 


As a particular case of A(P), we confine our attention 
to a specified type of Kothe box P which ultimately yields 
the space of entire functions of two variables (cf. 

Corollary 3.2.6). Indeed, choose in oi satisfying 

(3.2.2) 0 = a o <a 1 <.. t < « m - 0 = P Q < Pjl - • ** 


oo 



52 


Define 

P = P a,3 = iR 1 rn 4 n * 0< R i <00 , i = 1,2}. 

Then we denote the space A(p p) by A{ a ,3). 

Also, we introduce 

S.f . fi^bion 3.2.3* For a, 3 i n co satisfying <3.2~.2), 
the space 5 “'^ defined as follow 

1 

a 6 a~”+3 

6 '« {x 6 U« lain lx I ffl n = ol 
m+n 00 mn 

is referred to as the space of generalized entire functions . 

The relationship between A (a, 3) and 6 a '^ is 
contained in 

■ BSS l ? 0 . ? P n , 3.2.4 s Let <*,3 Gw be allowed to satisfy 
the E— co ndi tion. namely, 

~a -3 

(3.2.5) 22 r m r n < oo 

m+n > 0 x * 

for some ^ the Kothe matrix space A (ot, 3) 

concides with the space 6 a '^. 

Proofs For provin a A (a, 3) QZ 6®' P , consider x6A(«,3) 
and suppose 

1 

a + 3 ~ 

m n & 0 as m+n •* « 

Hence for some e > 0 , there exist increasing sequences of 
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integers {m. } and £n . } such that 

jJ 

a +p 
m i n i 

> c 1 J, i+J >0. 

Choose r j # R 2 30 that eR^, eR 2 > ^* Then we have 


a P 

m, n, m. r n 

*W. R 1 R 2 (eR l } (eR 2 } J = 


ss 

i+j >0 “‘i“j 


a P 

l i 


i+j > 0 


which is a contradiction to the fact that xg A (a,P) 
Thus A(<x,P)C:6 a ' P * 

a B 

For the other inclusion, let x 6 6 « Then 


(+) 


1 

a" +P 


lim lx I m n = 0. 
m+n -* 00 


The condition (3.2*5) is equivalent to the following. 


a p 

SS u, m u„ n < “ , 

m+n > 0 


for some u^,u 2 with 0 < u^ < 1, i=l,2. Then for any 
R 1 ,R 2 with 0 < R^< 00 , choose e > 0 so that 


eR 1 <u 1 , £R 2 <u 2 


By (+) there exis-ts integer N such that 


o+P 

I^ n l < s m , m+n > N. 


Hence, we have 
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SS 

m+n > N 


l3 V R i m 



a P 

< EX (eR. ) m (eRj n 

" m+n > N x * 


- 2S U 1 u 2 

m+n > N 

a P 

m n 

< EE U 1 u 2 

m+n > O 

< 00 


Therefore, xe A(a,P); that is, = A(a,P). 

ft 

Corollary 3.2 . 6 . For a m =m, P n =n, A(a,P) = 5 ' a ' is 
the space 5 of all entire functions of two complex 
variables considered in [l3l]« 

Observe that the condition (3*2.5) holds for all 

V R 2 > X * 

a P- 

The Topology on § * f» 

For x g 6 a '^, define 


(3.2.7) l|x| l a#p = sup { lx QO l ; 1^1 1 


1 

■+pr 

m n 


V m, n > 1 } . 


Then we have 

Proposition 3 . 2 . 8 * (5 a# ^ , T a p) is an F-normed space 

where T a p is the topology defined by I I .1 l a p. 

Proof « It is sufficient to prove that I I • 1 l a p defines 

a B 

an F-norm on 5 f • For X 6 K with 1 K I < 1, the 
inequality t lAx I I p < [I xi l a ^p follows trivially from 
the definition (3 v 2.V-7- ) « 
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The triangle inequality, namely. 


llx+yl l a# p < Hxl ! a#p + I tyi l a/ p 


is a consequence of the inequality 


iVW 


1 

cHT 
m n 


1 

2 T+P" 


m n 


1 

a +P 


^ 'W + >w 


m n 


(cf. [152] p. 158) which is true for all m,n >.1* 

Next, we show that 1 I Ax P ll a ^p *• 0 whenever 

llx^li o - 0 and \ G3K, As the double sequence, 

cc , p 

1 

a +p 

{ IXl m n } is convergent, we can find M>0 such that 

1 

(X 

IM, IM ® n < H, V m,n > 1. 

Now for given s > O, there exists p Q = p Q (e) such that 

1 lxP|l a,P < M » P > Po- 

Therefore 

1 

a 

IIAx^P - sup CfAxg a l; ,<l m n , m+n >15 
< e 

for all p > p Q » 

Finally, we need prove that UX^xt^ p -*0, whenever 

(T & ^ 

{ G 3K with \ ± •* 0 and x G 5 * So consider x 
in and choose e > 0. Then there exists an integer 
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N s N (e) 

o o 

(+) 


such that 


' 1 

«~TF 


m n 


mn 


< e, m+n > N q 


Let 


As 

X 1 

(*) 


1 

cTTF“ 

M = max I :x mn 1 m n / — 

CA.^} is a null sequence, we can find an integer 
such that 

I < min £ 1, ^ } , Vi>i^ * 


Also for fixed m and n we see that 

1- 

oT+P“ 

[ a^| m n - 0 as i •* 00 - 

Hence for all m,n in 3N Q satisfying l<m+n < S Q , 

there exists an integer ij = i 2 ^ e ^ sucl1 that 

1- 
a.. +§ 

C++) IX ± I m n < e/M, V i > iy • 


Let 


i Q =s max C ij_# i 2 ? 


Then for i > i Q # 


IX i x o o 1 ' ‘VW 1 


1 


m n < e, m+n > N q 


from (+) and (*), and 
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a" +p“ 

1 VW < e ' l<m+n < N q 

from C++). Consequently 

1 I X.xl g < £,. V i > i . 
x oc p r o 

This completes the proof. 

In view of Propositions 3.2.4 and 3.2.8 we have 

cc P 

two topologies T and T g on the space 5 * • 

P a t h 

% 

For the comparison of these two topologies, we make use_ 
of Mandelbro it restriction on a as well as on P, namely. 


(3.2.9) lim (a -a .) = 2h,* lim (P -P„ . ) = 2k, 

- — m m-l - — - n n-i 

m ~*oo n -» °° 

where h,k > 0 are finite numbers. 

In this section we shall assume throughout that 
a, P satisfy the condition (3.2.9). Then we have 

Proposition 3.2.10S The topologies T p and T a p on 

fi ^ 

fi a# are equivalent. 

Proof t For showing T p C T a p consider a sequence ix? 
in such that yp -* x in Take R^,R 2 > 0 

and e > 0 arbitrarily. One can find an integer N 
such that 


a 


-a . > h; P -P . > k, V n > 
n n-1 — n n-1 “ — 


N. 


Choose T) > 0 so small that 7)R^, ^ 2 < ^ and 
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a, P, 

(7)R ) ^ irjR ) 

n+ — — v [N(l-(nR ) h ) + (^R, ) h ][N(i-(7iR 9 ) k ) + (r!R 9 ) k ]<e 

[l-(77R 1 ) h ]( r l-(r)R 2 ) k ] 1 1 2 2 


Now for p > Q = Q(n), 


a +P 


l^-^oo' '^n'W < 1 m n ' v m ' n i 


Hence for p > Q, we have 


a P 

Ffe R (xP-x) = SS lx f n ~^n 1R r m R ? n 
*^1 /R 2 m-i-n > O mn 1 2 


m+n>° “ * 

- '^o-^ + m «>l'^n- X mn IR i mR 2 1 

a P 

< 7} + SS (t)R 1 ) m (hR 2 ) n 

m+n > 1 


N-l a. (r)R, ) N N-l P . (TjR 9 ) 

< 7)+( S ( 77 R, ) 1 + v ) ( S Ct?R 9 ) - 1 + 


1- ( 77 R ) n j=l 


1- ( 77 R 2 ) 


a P 

(t)R, ) x (hR 0 ) x . v v 

< 77 + i r~ v (Nd-CrjR, ) h ) + (7)R 1 ) h ) CNCl-(77R 9 ) k ) + (77R) X ) 

- [l-(7)R 1 ) h ][l-(7)R 2 ) k ] 11 2 2 


Thus Tp CT T a ^-p . 

For the converse, suppose now that x^ -* x in T pr 

Then in particular, 3 ^ — x 00 * Consider e > O and choose^ 

*1 

R^/Rj such that R x' R 2 — e * then there exists Q=Q(e/R^,R 2 ) 


such that 
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lx L- x oo l<E '■ r fe 1 ,R 2 (xP - x) < X ' 

for p > Q . Hence for all m# n with m+n > 1 and 
p > Q 


1 

(X -hS 


a p 

m i n . 

a +8 oT+6T 

~ m p n D m *n 

R 1 R 2 




1 

where R = min * R 1' R 2 } >_ e~ X , giving xr -* x In T a ^ p • 
Hence T a p CT T p . Therefore p 53 T p . 

a R 

Proposition 3.2.11?- The space (<5 * ,T a#P^ is complete. 
Proof * It is sufficient to show that for each Cauchy 
sequence Cx^} in there corresponds a unique 

x e 8 a '^ such that llx^-xi! - 0. For e > 0# we find 
Q = Q(e) such that 


| |x P -x q j l < £, V p,q > Q 


In other words 

1 

<*> '^o-^o 1 ' m+ ” < E ' * p '>3i Q; m+n ~ i; 


and so {rx^} is Cauchy in IK for all m*n >0. Since IK 
is complete# let x^ n -* x^ n * say# as p - «> for each pair 
m# n > 0 . But we have 


a 


r 


l3 W 


m r n 


1 *mn ~=W m 


■«n 


1- 


^n 1 


oc +s 
i p n 


m 
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Hence fixing p(say p*Q) in the alxsve inequality and 
using the fact that 

1 

a "+K 

f m n - O as m+n - 00 , 


we get 


a 


ito i 

m+n-*«> 


m r n 


0 


Thus x G Using (*) once again, we see that 


| ix P -x| I a# p < P -L Q* 

ft 

Lemma 3.2.12: The space (6° p) is non-normable. 

Proof ? For proving the result, we need prove that no 
neighbourhood of 0 is g bounded* Therefore consider 

an arbitrary O-neighbourhood G in (§ * • Then 

for some e > 0, we get 


Define x p e 5“'° by 

xP - §<i-)“ p (|-> Pp e PP , 

X 2 

4 - (a +(3 ) 

Then x P 6 G for p > 1. . If e_ «= 2 p P # then 


P 2R 1# 2R 2 (£ p xP) * 6/2 > £ - /4 ' 


and so 


e n xP ^ {X e 6 # * P2R ,2FU^ < £ ^ 4 * 


1 * 2 
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leading to the fact that SpXp A 0. Hence G is not 
bounded with respect to Tp and consequently with 
respect to T a p by Proposition 3*2.10. 

We are now prepared to state the main result in 
the form of 

Theorem 3.2.13* (§ * ,T a p) is a non-normable Frfechet 
space. 

Proof* This follows from Propositions 3.2.10 and 3.2.11 
and Lemma 3*2.12. 


Remark 3*2.141 In particular. Theorem 3*2.13 includes 
the Theorem 2.1 of ^131]. 

3 .3 Estimation of Kolmogorov's Diameters 

In order to characterize Schwartz character of an 
arbitrary Ko'the metrix space A(P), we first find in 
this section the estimates of Kolmogorov's diameters for 
the neighbourhoods at origin* To be precise in our 
discussion, for u,v 6 P with <. v mn , m, n > 0, 

let us denote by * a mn $ a member of £3 defined by. 


•^n 


, when v „ 4 0} 
' mn ' 


(3.3.l) 


a 


mn 


mn 

0 , otherwise. 

Then we have the following estimation* 


Proposition 3.3.2» Let u mn > 0 for all m, n, then we 


have 
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inf 

m+n < s 


a < 


mn — 


6 sCs+ 3) ,)< 5 (s-t-l ) (s+2 ) 

~ 'i 2 ' 


(U ,U ) 
V u 


< 5 


s-(s+l) 

2 


( VV 


< SUP' 

“m+n > s 


a 


mn 


for S' 0 IN / where and U v are the closed unit balls 

relative to p u and p v respectively. 

Proof * For fixed s-fi let us construct a space 

L = sp {e mn ! 0<m+n£s-l} / 

o wmm 1 ^ 


If x is in we have 


p (x-x ) _ S S J 3 Wi* U mn 

m+n > s 


** S 2 
m+n > s 


u 

K 1 -SIS 
mn v 

mn 


v m „ 

mn 


i SU P “mn S S 


mn ” - ‘ *mn ' v mn 

m+n > s m+n > s 


< sup a S 2 
m+n>s m+n >0 


x 


mn 


v 

mn 


= sup 
m+n > s 


a 

mn 


P v Cx } 


< sup 
m+n > s 


a 

mn 


Hence 


x-x 


(s-l) 


P (SU'D DC ) U 
b mn u 


m+n > s 


==> X e \ + (sup a mn ) u u 


m+n>s 


(*) 


~> 6 s(s+l) ,U ) < SU P^ a ) 

£u£±±i- v* u m+n > s 
2 — 


mn 
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x 


Next# let x 6 (inf a mn > [ u u nL s +1 ]' 

m+n <s 

S L s+1 # we get 

p (x) = S S lx mn 1V mn 
” m+n > 0 


Then for 


« S S * x mn * V mn 

0<rrri-n <s 

- S S ' x inn' U lnii a nn 

0<m+n < s 

- tn< S ““ 0<Ln< S i ^ nlUmn 

= min < s “ mn> m+n < 0<m+n«^<s mn 


(sup a "i> inf .. 


m+n < s 


mn 


m+n <s 


mn 


= 1 


e a ) U . Therefore, if 

since x 6 Unt u m n u 
m+n <s 

x 6 (inf a m J [ u u H L s+1^' 


m+n < s 


we get P„(x> < X. Consequently 

Cinf “ mn > [ u u rT L s+l] < — U v 
m+n < s 

which amounts to 

% 

<■**> «'skai ( V"u^ «< s v 

21 
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by Proposition 1.2.19. Since {5_} is decreasing, the 

s 

required result follows from (■*) and (*•#). 

Lemma 3.3*35 If a bounded subset B of Jl^ is relatively 
compact, then we have. 


(+) lim sup 2 2 IXjjl *s 0. 

m+n -» oo x6B i+j > m+n J 

Proof % Suppose (+) is not true, then there exist 
increasing sequences {m^ } and {n^ and e > 0 such that 


A > 2e > 0> V k > 1 

V" 


where 


A = sup 2 2 lx. . 1 with I, 
Tc xGB i+j>I k , J 

I k 

Hence B contains a sequence {x } such that 


w 


S E Ix^l > e, V k > 1 

i+j> I n J 


Let p^= Ij, then we can find 

k such that 
o 


2 2 i x» j 1 > e 

i+j>P 2 J “ 


P 2 > P X , 



for some 


P 1 

and 2 2 lx.-; 1 < e/2 

i+j >P 2 3 


Proceeding in this way we can find an increasing subse- 
quence {p^} of {i k } such that' 


(*) 


Pu 

2 2 J x . . | > e ; 

i+j > Pk 3 ~ 


2 2 

i+ J >Pk+l 



1 < e/2, 


V k > 1. 
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Therefore 

(**) 


2 2 ^ Ix^v - xj, > e/2, Vk, t>l, k/t. 


i+j > 1 


ij 


for otherwise, say, for k > t we have 


2 2 

1+ J > Pk 



p t , 

x u 1 


< 2 2 
i+j > 1 


I x. 


Pk 

ij 


P t , 
“ x ij 1 


< £ / 2 ‘ 


Consequently 


Pk P 4- 

2 2 Ix.^i < 2 2 lx.Jl + e/2 

i+j >5^ 3 “ i+j> J 


2 2 
i+j> 


P. 


t+1 


P t 

*ij ,+ 


e/2 


< e 

by using (*) . Hence we get a contradiction. Therefore 

Pk / \ 

the sequence {x } in B, for which (*#v holds can not 
have any convergent subsequence and this again contradicts 
that B is relatively compact. 


Lemma 3 .3 #4 5 Let X be an l.c. TVS and U x , the neighbourhood 

system at origin consisting of all balanced, convex and 

closed sets. Suppose A CZ X is bounded. Then A is 

precompact if and only if lim ' <5 m+n ^ A # u ^ = 0 for u eu x . 

rtH~n oo 

Proof * We first prove that A is precan pact if 


lim 

m+n** 00 


fim+n (A ' u> =0 - 


l 
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Take e > 0. One can find a large integer N such that 
6 $ (A, u) £ e/4’ 

Hence there exists a finite set {y^, . . y N } of X and 
a positive number a such that 

a < s n (a / u) + e/4; A£^au + rCy-jy ...,y N } 

by Proposition 1.2.16, where {” is balanced, closed convex 
hull of the set {y^ y N Hence 

aCT| U + Ry 1 /.../y N }/ 

for u is balanced. 

Let us now show that fRy-}./ • • * *y N } is precompact. 
Define 

A i = {y i } ; 1 < i <N. 

Then A^'s are compact and convex. Let 

N 

L = { (a 1# ...,a N ):a ± 6 UK and 1« ± I < 1} , 
then L is a compact subset of IK^. Write 


S a L x A^x»..xA N 

It is clear by Tychonoff's theorem that S is compact in 
IK 311 x X™. Now define a function fllK™ x X 31 ' 1 «♦ X by 

f ( a i' ? * = * a i x i* 
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AS f is continuous, f(S) is compact. But £(S) is 
nothing but the balanced closed convex hull of 

(yi y N }. So nyj.. y N ! being compact, is 

precompact. Thus for finite number of elements 

in Hy v ***#y N }^ we have 

M e 

fiY V ••'ti%}C i U 1 ix i + 2 U} 


consequently# 


Ad|u + tx ± + fuj a eu! • 

This proves the precompactness of A. 

Conversely, let A be precompact. Then by Proposition 
l 2 17 (A,u) *♦ 0 as n *♦ 00 * But ^ ^ now ®m+n — 5 n 

>«,.>«, Hence the rented result follows. 

Making use of the preceding results we prove 
Proposition 3.3.5! Let u,v 6 P with Th6n 

s m+n C VV * 0 <==> tu mn /v mn> ® C °° 

where V = V/V ±S regardEd “ ^ ”” WheneVSr 
v =S 0 * 

mn 

. , P _ By Proposition 3.3.2 we have 

Proof s Let i% n / v mn* ® So 

tMll.OW m«>e %n 


’> 6 <s+l) (s+2) lU v' U u^ * 0 


as s *. 


2 
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Choose m and n so large that m+n > > s> and 

this proves the sufficiency part. 

> 

Conversely, let now <5 m+n ( u v / u u ) -0, Define a 
map T* A( p) by 

Tx SS >01 

where u Q P. Then 


I Txl I 


is 


n 


=» S 2 IX |U = p (x) 
„ , „ ^ n w* 1 mn u 
m+n > o 


Obviously 


T( V = t«WW' x G A(P), ss igu^a! 

m+n >^u 

==> T(u u )c: Vj^i 

where ^ gix i s the closed unit ball in 0 . Therefore 

A 

<$ (T(U < 6 (t(U ),t(u ) ) < 6 (u ,u ) - o 

°m+n v ' U 11 — u m+n v ' u — u m+n v' u 

by Proposition 1.2-. 14. So T(U ) is precompact by the 

v 


Lemma 3.3.4 and hence relatively compact subset of 
Define now 


f 11 . 


St St • e? 4- \ C\ 

G — a st e * k / t > 0 


where 

a ^ 
st 

s tands as 

st 

e 

s 

u zn * 

If v st 

if 

v st * °' 

then 



0 

st u st 



= v st 


0 # then e 


st 


e st e u.u 


V 


= 0 and so 
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But 

St 7 

e A s t 

e U v 

and hence 

0 St e u.U v . Thus 

n st 

0 

e t(u v ) 

for 

all s+t .>0. Therefore 


'“st 1 

< sup 

~ x 8T(U v ) 

Y J=w- 

m+n > s+t 


As T(U ) is relatively compact/ by Lemma 3.3.3 we get 


lim 
s+t - 00 


==> {a 


st 


sup 

xgt(u v ) 

! e c oo' 


s s 

m+n > s+t 


x 

ran 


= 0 


and hence 


u 


ran 


v 


■} e c 


mn 


00 


Recalling the notations from Chapter 1/ section 2, 
we prove 

Proposition 3>3.6J The canonical map K^sX^-* X^ is 
precompact if and only if 


(■*) 6 (v/u) •* 0 as m+n 00 / " 

m+n 

where u,v 8 P with u < v__ and u > 0, V m,n • 

run — ran ran 

Proof s Let be precompact. As the closed unit ball 

in X v looks like {V+N v :v 8 v } / it follows that 

K^[v+N ] = v+N u is precompact in X^ 
<_._>5 m+n (V+N u/ U+N u ) -*0/ by Proposition 1.2.17 

<==> 6 m+n (v/u) *♦ 0/ by Proposition 1.2.18. 
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We are now ready to give the characterization of 
Schwartz property of the space A(P) in the form of 

Theorem 3.3.7; The space A (p) is Schwartz if and only 

if for each u 6 P, there exists v e P with u < v 

and such that { u /v e c . 

ran' run-* oo 

Proof i If A (p) is Schwartz, then for each u 6 P 
there exists v G P, u < v and such that the map 
K ^s( A (P}) v ■* (A(P)) is prseompact. Hence from Propositions 
3*3*5 and 3 • 3 . 6, we get 



oo 


Conversely, suppose £ u mn / v mn } £ c . . Once again, 
using the Propositions 3.3.5 and 3.3.6, we see that the 
map is precompact, which in turn implies that A (p) 

is Schwartz* 

Note : The above result is known as the Schock-Terzioqlu 

Criterion for Schwartz property of the space A (P) . 

We now consider two particular cases of the set P, 
as defined in 

Definition 3.3*3i Let the power set P satisfy the 
conditions 

(i) Each u e P is non-decreasing, that is to say, 

U < u . whenever m+n < s+t, 
mn - s t; 

(ii) For each a 6 P, there exists b 6 P such that 

^ b mn' V m ' n * 
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Then P is called a set of infinite type and the 
corresponding K-matrix space A (P) is called a 
- space . 

Definition 3.3.9s If P satisfies the conditions 

(i) Each a 8 p is non-increasing, that is to say, 
a < a„ . whenever m+n > s+t. 

(ii) For each a e P, there exists b q P such that 

W^mn' Vm - n ' 

Then P is said to be of finite type and the corresponding 
A (p) is called a - space . 

The results characterizing Schwartzness of the 
G <xxo ’~ and G^^-spaces are respectively contained in the 
following two propositions* 

Proposition 3.3.10: A G^ -space is Schwartz if and only 
if there exists a u 6 P such that £ i/ u mn i G c 00 . 

Proof i If the given space is Schwartz, then by 
Proposition 3.3.7, to each a e P there corresponds 
u e P such that a < u and £ a fnn /u tnn } 6 <= oo ; but due 
to the non-decreasing character of ia^}, it follows 


oo 


u 


< 


mn 


u 


mn 


r> { -22. } 0 c 

u oo 

mn 


s> 


that 
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Conversely, let there be an u 6 P with n/u^} ® c oo* 

Choose an arbitrary a in P. Then one can find b and d in 
P such that 


b mn £ max ia mn' u >nn 1 and i a mn‘ 


Let there be a g in P with g mn > max ^mn'^mn^ * Hence 


a \f d . , ■, 

mn < mn < 1 < 1 < __1_ 

^mn ^mn V 


q ^ b u 

%n mn mn 


4 0 as m+n **• 00 * 


Therefore 


f „ _ 

i — - — } G c • 
g i oo • 

Ttm 

\ 

So by Proposition 3»3#7, a(P^ is Schwartz. 

If the hypothesis of the Schwartz character of a 
-space A(p) is relaxed, we get 

Corollary 3.3.11S If a G^- space (A(p),t) is not 
Schwartz, then A (p) = 

Proof » Let us observe that A(p ) CZJl} 1 7 indeed, for 


u G P with u QO > 0, we have 


E E I x I 
m+n >0 mn 


S E 

m+n > 0 


x m „ lu 

run mn 


“mn 


i b 'W'W • 

OO 


11 

For proving the equality, assume that -A(p) CZZ /, * 

11 + 

Then there exists an x such that x $ A (P) , and so 

(+) 


S S 

m+n >0 


lx | < oo f 

1 mn 1 
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also there exists an u G P for which the series 


S S 

m+n > 0 


mn mn 


diverges » Hence for N > 0 we can determine integers 


and S N so that 
R N S N 


S 2 |x lu > N, 
_ ~ ran mn 

m=£> n=0 


Hence we get 


R„ 

N < S N S N |x |u 
m=0 ndO mn 


S N 

- ^ S \ ,X mn 1 

N N m=C n=0 


< u. 


r n s n 


2 2 

m+n > 0 


So by (+) we have 


u, 


lx 


mn 




I ( 


N 


2 2 
m+n > 0 


lx I ) -* 
mn 


as N- 00 . Since {u^J is non-decreasing {l/n mn * G c oo'‘ 

But this contradicts the fact that A(p) is not Schwartz. 
Hence the result follows. 


Proposition 3.3,12; A G^-space (A(P),T) is Schwartz 
if and only if p o OG « 

Proof s Let p O c 0 o* Take u 6 P ' so by the G ll“ character ' 
we can find a v 6 p with u mn <v^ n# for m,n> 0. But 

v e PCe oo and so 

U 

mn 

v ^ 
mn 


< v - 0 as m+n -* °° 
— mn 



Therefore, fu x v } g & and hence A (P) is Schwartz 
mn mn oo 

by Proposition 3*3.7. 

Conversely, let A(P) be Schwartz and assume u g P. 
Then we can find some v g P such that 




and the result is proved. 

3 . 4 . Bi-dimetric al Dimension 

In the last section, we use the notion of Kolmogorof f * s 
diameters for the neighbourhoods of an arbitrary l.c'. TVS 
(X, T) for characterizing its Schwartz property. Indeed, 
the Kolmogorof f * s diameters of neighbourhoods of zero in 
an l.c. TVS (X, T) yield a matrix space introduced in 

Definition 3.4.14 For the fundamental neighbourhood 
system U v of an l.c. TVS (x, T), the space defined by 

A (x) = $ a ss (a ) : to each u g U there exists 
U^. mn a 

v C U x with v <( u and 

lim la ! .(v,u) =0} 

, mn m+n 

m+n-»~ 

is called the bi-dimetrical dimension o’f X. 
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1b begin with, we have 

Pro position 3.4,2: If is another neighbourhood 

system at origin besides U^, then 

A U “ - A U' (X> 

Proof « Let x 6 ^r T (x), Since neighbourhood systems 

u x 

are equivalent, if u' e # then there exists u 6 U x 

with u e: u # . So then for v & U x with v <^u we get 

lim !x _l6„.„(v,u) = 0. 

„ „ mn w m+n 

m+n-* co 

Given v 6 there exist v* G U x such that v'CT v. 

Thus, 

v'c: v <ucru' 

~> 5 m + n Cv '' u,) ^ s n> + n Cv '' u) ^ < Wn Cv ' u) 
“ >l5 W IS m« (v '' u ' > i b W , <Wn (v ' u) * 0 as m+n 
So x e Ay, (x) and hence Ay (x) CZ Ay, (x) . 


X 


X 


X 


Now let x G Ay, (x). Take u e then there exists 


X 


X' 


u' G such that u'C^u. So * then for v ' 6 u x 

with v* <^u' w e have 

lim lx (v* ,u # ) s:0 

mn °m+n 

m+n 

But for v' e U x , there exists v e U-^ such that v CZ V * * 


So 
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vC v# < \ U# CT u 

M> Vm (v ' u) i 6 m+ n (v ' u,) ■<- 6m + n (v '' u ' ) 

==> 'V'W 17 '”^ b W 6 itt+n (v '' u ' ) * 0 as m+n *“ 

So x 8 A (x) , and hence A (x) = A # (x) . 

X U X U X 

Remark 3.4*3: Since A (x) is independent of the 

U X 

choice of we would prefer to use the notation 

A (x) for A (x) 

X 

The invariance of bi-dimetrical dimension under 
homeomorphism is shown in 


Proposition 3.4*4: If two locally convex spaces (x # T.^) 
and (Y,^) are topologically isomerphic by the map A, 
then we get 

A(x) = A (Y) 

Proof : By Proposition 1.2.14/ we have 


5 m . „ Cv/ u) > 6^ . „ CAv, Au) > (A- 1 (a v) , A** 1 (Au) ) 

m+n — m+n — un+n 

= 6_, , „(v # u) 
m+n 

where u#v 8 U x with v <^u. Then the above inequality 
implies that 


(*) 


«m+n (v ' u) = 5 ir,+n tAv ' Au) 


Let 


U* = { An* u 6 } 
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From (*) we find that A(x) s A (Y) . But by Remark 3.4.3/ 

u* 

A (y) ss A (y) . Hence A(x) = A(y) . 

U* 

The above result can also be derived from a more 
general result contained in 

Theorem 3.4.^* ( Permanance Theorem ) . Let X,Y be two 
l.c. TVS , Suppose A:x •* Y is linear/ continuous and 
almost open, then we have 

A(x) CZ. ACy) 

Proof ? Let u* e U Y * s ° A”u#) for some u £ 

by our assumption of continuity on the linear map A. 

Let x £A(x), so for u 0 U X there exists v 8 U x with 
v <jfu and such that 


' ^ Tin l ^ m+ P V/U ^ = ° 

m+n - +co 

we now proceed to find v* in U v such that v* u* with 


llm I6 m+n ( v ,u > - 0 

m+n -* 00 


Let us define v* = Av> So v* e U Y for A is almost 
open. Then we have 


m+n -*°° 


1 x mn * ^m+n 


Cv*,u*)< 11m Cav.au) 

, . m+n -* 00 


< lim I^ n l 6 m+n (v,u), 
m+n 


and hence x = {^3 8 A(y) # consequently 
A(x) CZ A(y). 



In the rest of this section, we try to find the 
relationship of the bi-dim etxleal dimension of an 
l.c. TVS (x, T) with the known matrix spaces. In the 
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case of weak topology, we have the following most general 
result* 

Theorem 3*4.6: Let (x,Y) be a dual system. Then 
A(x, n(x, Y)) = Q 

Proof ? Clearly, A (x, cr(x, Y) )£"**“* Q. So let u be a neighbour- 
hood of origin in X with respect to c(x,Y) . Then there 
exists e > 0 such that eu g C U/ where for y^, ...,y s S Y, 

u_ = {x 6 X: I <x, y..>l < 1, 1 <i< s} . 

-L **** ' mm *~ i “ 

Let 

N g = {x G x; <x, y i > =0, l<i<s} 

So N is a cr(x,Y) -closed subspace of X. Then by 
Definition 1.2.3 we have dim(x/N s ) < s. There exists a 
closed subspace L g such that 

x - N s © L s 

Now observe that 

dim(L s ) = dim (X/N g ) < s. 

If P < 1, then 

U sC V L s C % + L s 
==>6 s (u s ,u s ) < P 
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Since 


Because 


P is arbitrary/ allow P -* 0 . Then we get 

VvV = 0 

===> 6 m+n (u s' u s ) - °* ® +n £ s * 
eVL s CZ. nf we have the inequality 


6 (u , u) < 6 (u , u ) 
u m+n s' — °m+n s' s 


=> 6 m-f-n {u s' u) = °' m+n £ s 


Now take any x £ iJ. Then we have 


and so 
result. 


Ix hin l6 m + n (u s' u) = 0 ' 


==> ™ J X ™ I5 *« (U =' U> = °' 

x S A(X, cr(X/ Y) )/ there by proving the required. 


For an arbitrary locally convex topology on a vector 
space X, we prove 

Proposition 3.4.7» For an l.c. TVS (X/T), c 00 (^~ A (x) . 
Proof * Let x = {x^ n } ec oQ , Hence for u in U x 
there exists a large integer N such that x^ n e u for 
all m+n > N. 


For proving the result# it is enough to show that if 
v 8 U x with v <^u, then 


lit 

m+n-* 00 


* :x mn * ^m+n 


(V/U) 


= 0 
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Since 6 0 (v,u) < P, where P comes from v£^.Pu and 
6 q (v / u) > 5 1 (v / u) > 6 2 (v,u)> ... / 

we find 

6_,_(v / u ) < P, V m, n, m+n > N 

m ' rTr " 3 

” => ^ „ l 3 W l 6 m + n (v ' u) = °' 
m+n-*°° 

and hence the result. is proved. 

Proper inclusion of c OQ in A(x), leads to a 

characterization of the Schwartz character of the space 

* 

as shown in the main result of this section, namely. 

Theorem 3.4.8: For an l*c* TVS (x, t), the following 
statements are equivalent: 

(i) X is Schwartz, 

COCO 

Cii) X CZ A(X), 

(iii) c CT A(x). 
oo 

Proof s (i) ==> (ii). Let X be Schwartz and assume 
that x G JP/ 0 * 0 * So to each u 6 U x , there exists a 
u G v <u such that 

5 Cv.u) ■* 0 as m+n-* °° 
u m+n 

and also there exists k > 0 such that 1 3^1 < k for 
all m, n > 0 . Thus 


lim 

m+n-* 


lx L,.- I6_ ,(v,u) = 0, 
mn m+n 


which gives x S A(x) and hence jT“C- A (x) 
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(ii) ==> (iii). Assume that j b CZ A(x) , but we know 

c oo and hence c 00 <^A(x). 

(iii) =>(i). Let c^_d A(x), then there exist 

oo 

T* 

x e A(x) but /■ 0 as m+n-* 00 .So there exists 

sequences of integers {m^,} and 

in£ 'XV = ” * “• 

Take u 6 U.^., then there exists v 6 with v <^*u and 

such that 


{n^. } such that 


(*) 


lira 

m+n -*°° 


^■^nn *^m+n 


(v,u) 


= 0 


But we know 


rifi (v, u) < 


•X-k 


5 . Cv.u) 

"v +n k 


==> * V n k Cv ' u) 


0 


bv (*). So we get 5 (v,u) 0, and hence X is Schwarts 

J rn+n 

by Lemma 3.3*5 and Proposition 3.3.6. 

Corollary 3.4.9i Let AtX - Y be a continuous linear and 
almost open map. Suppose X is Schwartz, then Y is Schwartz* 
Proof » Under the given hypothesis we have 

A(vX0 CZ&M 

by Theorem 3.^.5 . But X is Schwartz, so we get 

rc^)- 

«> trcz A(Y). 

Therefore Y is Schwartz by Theorem 3.4.8. 



Chapter 4' 


Matrix Structure of Spaces of Entire Functions 


4.1 Introduction 

This chapter is a continuation of our study on the 
OL 8 

matrix space 6 ' introduced in Section 2 of Chapter 3/ 
which, indeed^ envelops the class of all entire functions 
of two variables as a particular case. In this chapter 
too, we assume throughout that the sequences a and (3 
satisfy the condition (3.2.9). In the beginning of this 
chapter we find the K-dual of 5*' ^ and characterize 
its bounded sets relative to the weak topology. Then 
we proceed to characterizing the continuous linear 
functionals on this class as well as a subclass of this 
class, which correspond to subspaces of 6 having order 
zero and type one. Besides, we also pay attention to 
investigate structural properties of this subspace. 

4.2 On the Space 

Let us recall the sequences a, P and the space 
from Section 2 of the previous chapter and 
introduce the following matrix space 

1 

(X 4*p 

(4.2.1) d a 'P= {x6QJ sup Hx 00 i;i^ n l m U * 


V m+xxjtD} < °°} 
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Then we have 

Proposition ^.2.2: ( 5 a '^) x = d 05 '^ and (d°^) x = 6°^. 

Proof^* For showing the first equality, consider x S d a '^« 
Then there exists M> 0 with 

a i+P , 

\x ± .\ < M 1 1, i+j > 0 

One may choose e > 0 so small that eM < 1. If 
oc B 

y 6 6 ' , then we get 

a,+p, 

lYijl < e ' i+J > i 0 = i o (e) 

Therefore 


£ S lx, ,y, .1 = 22 lx, .y.,| +22 lx. .y, .l 

i+j>0 1J 1J 0<i+j<i Q 1J 1J i+j>i 0 J 3 

a .+p . 

<22 ix. ,y, .1+22 (eM) 1 J < 

0<i+j<i Q 1J 1J i+j>i o 

==> d a#P (23(6 a ^) X 

On the other hand, let x S (5 a '^) x but x $ d a '^* 
nee there exists increasing sequences {m^.} and Cn^ } 
integers such that 


CO 


2 (a +B ) 

HU . IX. 

'XV >k ' k - 1 



j m=m k# n=n k ; 


, elsewhere. 


# 
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Then y = {y_ } e f but S S I x, .y, . I = 00 . Thus 

- “ i+j>0 3 3 

x / (§ ,p ) which is a contradiction. Therefore 

(6 a ' p ) x c a “' P - s ° * get (5 a ' p ) x = a“' p . 

For the other equality, observe that 


6 a ' p cr(a“' p ) xx = <a a ' p )*. 

On the other hand, let x 6 (d“' P ) X but xfj 6 a,P . 
Hence there exist e > 0 and increasing sequences 
and {n^ } such that 


a ■+£ 

rv> 1 1 


m 




a 


I > e 


k ^ 


v k > 1. 


If y e is given by 


(a 


m. 


V 


/ m=m- 


k / 


n=: 


®k 


'mn 


\JD , elsewhere 

Then ye d a ' P , but E 2 lx, ,y. ,1 =“ . Thus xtfCd*'^)* 

i+j > 0 1J XJ 

which is a contradiction. So (d a/ & ) X f"" ^ . Consequently 

(d“' P ) x = 6“ /P . 


Corollary 4.2.3* 


The spaces 



and 



are perfect. 


Next, we prove 

Fro position 4.2.4s A subset B of is <y(s a, ^ , d a, ^‘ ) 

bounded if and only if the following holds 
(i) B is bounded 
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(ii) For each z > 0. there exists N 5 N (e) 
a o o 

such that | x mn I < e m n , V m+n > N , V x e B. 

Proof i Let (i) and (ii) be true. Take y g d a '^, so for 
a suitable z > 0, there exists N = N(e) such that 

- (a +B ) 

lyl < (2e) m n m+n > N 
mn « # - 

Let N s max t then we have 

2 2 -1 s s %- r+g- 2 2 ■ , v 

i+j>N* 1J i+j > N r 2 i +P j i+j > 1 2 i P j 

Since z = S S y. . e 1J is in $ , by (l) there exists 
i+j<N* 

a constant M = M(N'^) > 0 such that 

2 2 lx. ,y..| < M 
°<i+j<N* 1J 


==> S S lx, ,y, .1 < M + S £ 7T -ra- 

i+j > 0 1J - i+j >N* 2 i^j 


< M + £ £ 


i+j >0 2 “i +P j 


< oo 


Conversely, let B be , d a '^) bounded, then it 

is enough to show that (ii) holds. Suppose (ii) is not 

true, then for some e > 0, there exist increasing 

(k) 

sequences {m^} and and a sequence x in B 

su&h that 

a +p 

,*<*> I >e‘"* '‘i 1 

m k n k 


x G B 


Define y G Q toy. 
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1+ 


P a 

Jc 1+ ik 

V 

k p °k 


J mn 




"k 


m = m-^., n 


- ”k 


0 


elsewhere 


Then we have for m = and n = n^. 


1 1 1 

a +p a a 

m k °k < 1 a m kc 8 ”k 

°k 


m k n k 


e m. 


- — as k •* 00 
£ 


ct B 

Hence y 6 d ' . Consider now 


p y Cx 


(k) 


) = S E 


m+n > O 


i x ^ y j 

1 ran y mn 1 


. (k) 
Xm k n k 


P 


n. 


a 


i+ i+ p-^ 

a p ^ 

"k ' \ 


Therefore B is not 77 ( 5 “'^/ d a '^) bounded, and hence 

not <?(5 a '^, d a '^) bounded, because 6°^ is perfect. 
This is a contradiction. So (ii) must hold. 


For our next result, we need 


Lemma 4.2-5S Consider a sequence { a^H^n > °}/ satisfying 


1 

a +£ 


lim 

m+n -* 00 


m * n 


= 0 . 
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Then the series 


(+) 


2 2 c a 
m _i_v> ••v ^"nn nan 
m-fn > 0 


converges if and only if 


1 

a +fc 


1|c oo i; l<W m n ' ra+n > 0 1 


is bounded# 

Proof * Assume first of all that, there exists a positive 
constant M, such that 


I c I < M, Jc I < M 
oo - - mn — 


VA> 


, m, n > 0, m+n ^ 0 


By hypothesis, we get an integer N such that 


a +8 

m * ? 


mn 


I a I < (“) m n , m+n > N, 


and hence 


- (a +P ) 

la c I <2 m n m+n > N. 
mn mn • • — 


Therefore, for m+n > N, 


2 2 la c I < 2 S 


la c I + E S ~ 7 T ~‘ T q 

m+n > 0 ~ mn_mn ' ** 0<m+n<N-l mn mn m+n > N “m + Pn 


< E E ja c 1+ E E =s~v n < 00 

0<m+n<N-l mn mn m+n > 0 , m + ^n 


So S E a mn c_„ converges. 


m+n>0 


mn 
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Tb show the necessity, assume that the series (+) 
is convergent, but the sequence 


1 

a +8 

Cic 00 i; ic_i m n 


mn 


m+n > 0 } 


is unbounded. Therefore, there exist increasing sequences 
{ m^ } and { n^} such that 

a +6 

^ n k 

lc m „ ! > k * , k > 1. 

■Vk " 


Now 


define a new sequence a = (^ ) by 


-(a +P ) 
m k “k 

k , m ss m-^n = n v ; 


a = 
mn 


0, elsewhere 


==> l a m n c I > 1, V k > 1. 
m k n k m k n k ” 


Hence 2 E la c I does not converge, though 
m ,„ ^ n nm mn 
m+n > Q 


lim la I m+P n = 0. 
m+n-* 00 

The contradiction arrived at, completes the proof. 

Concerning the representation of continuous linear 
functionals on / we prove 

Theorem 4.2.5: Consider 5 “'^ equipped with either 

T„ or T 0 . Then every continuous linear functional ^ 
P a,p 


on 6 


a,p 


is of the form 
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(4.2.7) 
where 

(4.2.8) 

is bounded, 


*(x> =22 


m+n > 0 


X C , 

mn mn 


1 

r+r 

£«C 1 ? I Cl m n 


oo 


mn 


, m+n > 0 J 


Moreover/ for any double sequence, {c mn } satisfying 
(4.2.8), the map -* (I , whose value of x is 

given by (4.2.7), represents a continuous linear functional. 

Proof: Let ¥ 6 (s a/ ^)*. Now define 
c = ne mn ). 

mn 

oi B 

For any element x in § the s-th plane section of x 

is given by 

(s) „ „ .. _mn 


x 


0<m+n<s 


For a = {sl, } in P, the series 2 2 x 

m+n>0 r 

therefore. 


. a converges, 
mn mn ^ 



(s) 

x -* X 

in 1 

<==> 

(s) v 

in 1 

Proposition 

3. ’,10. 

Hence 


L P 

C a,p 


x = s - E „ . V 

m+n > 0 


mn 


Consequently 
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«<x) = 


11m ¥( x (s) ) 


s 


lim S S 
s -*<» 0<m+n<s 


x „ IPCe 1 ™) 
mn 


But 


= S S x c 
m+n>0 mnmn 


lim 

m+n 


lx 1 
mn 


eT+ET" 

m r n 


0, 


and so 


1 

tlc oo' ; ,c Vnn* “ n ‘ m+n > 01 


is bounded by Lemma 4.2.5. 

Conversely/ let W be as mentioned in the hypothesis. 
Then it is enough to show that ¥ is continuous/ linearity 
being clear from the definition. So let x^ -* 0 in T p . 
Take e > 0 arbitrarily. By the condition (3.2 .9) we can 
find an integer N such that 

(*) a -a . > h; P - P , > k/ V n > N 

n n-l»“ n n-1 — — 

Write 

1 

a +^ n 

M = sup {|c QO l/ lc mn l m # m+n 4 0}. 

Choose T) > 0 so small that rjti < 1 and 
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T)M+ 


(ttM) 


a.+p 


1 r 1 


[N(l-(7^) h ) + C^i) h ][N(l-(T^) k ) + Cm) k ] < 


[l-(T^) ][1-(71M) ] 

Then there exists an integer Q such that 

1 

IxJo 1 /* l^n 1 m ^ < V, m+n ? 0, P > Q 

Let us observe that, for p > Q 

mi?) i < i^ 0 = 00 1 + s s 'fe 1 

v m+n > 1 

a P 

< rfA + S S Cm) m (#4) • 

m+n >_1 

But, using (*), we get 


E = “s 1 Cm) m + s Cm) 


a 


m 


m>l 


m=l 


< N S L + (r*0 N + Cm) w +(7^) 

"" m=l 

a 

N— 1 ** / -nM ' 

= s Cm) + 

m=l 


m > N 

a a. 


V h - ..s tt N +2h 


Hh ♦ * » 


N 


l-(rjM) 

a. 


Proceeding similarly, we also have 

6 Pi (rM) 1 

^ i im> n < Cf-i) + ' 


> Q 


Hence, for p 



92 


I W(x: p ) I < tH+[ (N-l) 1 f (N—1) (tjM) X + 

[i~iTH) h y ' 


0. 


= rjM-t- 


(nM) 


a l +f3 i 


[i-^) ][ 


i-Cam) 1 ^ 


N ( 1- ( rn ) h ) + (rn ) n ] [ N (1- ( m } *)+ (t?m) ] 


[l-(m) k ] ^ 




< e * 

Thus IP is continuous. This completely establishes the 
result. 


Making use of the above result/ we prove 
Proposition 4.2.9: The spaces ((6 a/ ^)*, P ( ( 5 ^ )* , 6' a '^ ) ) and 
(d a# ^/P (d <X '^z6 a# ^ ) ) are topologically isomorphic. 


Proof * In view of Theorem 4.2.6/ we can define a natural 
map Rs (5 a/ ^)* -*d a '^ by the relation 

R«) = [c mn ], *e ( 6 a 'Pf 

where [e ] 6 d°' ^ , with 
u mn J 

*(x) = E S WW x e «“' P - 
m+n >_0 

Then R is clearly a 1-1, onto linear map. 


To prove the result, we first show the topological 
isomorphic character of R with respect to the weak 
topologies o({ 6 a *Pf, 6 a ' P ) and a(d a ' P , Therefore, 

consider a net {¥ r J in ( 5 “'^)* such that W Y 0 in 
or((6 a ' P )*/ 5 a ' P H Let 



S 13 

m+n > 0 


’W 



l 

l 


f 
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for [ c r ] 8 d tt/ ^. Then for x S 6**'^ with x = [^ n ] 
L mn J 

and for e > 0, there exists 7 q = ^(e) such that 


2 2 

x mn c mn * 

< £/ 1 > 

m+n^ 0 

«» V 

1 1 

a 

1 1 

«♦ 0 in 

cr( d a/P ,6 a,P 


Thus R is a((6 a ' § f ,6 a ' P > - <y(d a '^6 a/ ^ continuous. 
Retracing back the above implications, we get the 
cr ( d a /P / 5 a ^) - a((6 a '^ )* / 6° C/ ^) continuty of R 1 - 

The P((5 a ' P )! 6 a/P ) “ P(d a/P ,6 a/P > continuty of R 
is a consequence of Proposition 1.2.5 and the following 

equality, namely, 

< lx, ¥ > = <x, r > 


2 2 n :> ^nn c mn 
m+n > 0 

= <x 'E c mJ > 

= <x,rW> 

where I is the identity map from 6°' P to itself. 
Similarly, the Exposition 1 . 2.5 and the equality 


<lx ' [°mnk 


< * 


2 2 

m+n > 0 

<x,* > 


x mn C mn 


< x,R" 1 [c mn ] > / 
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gives the P(d a/ ^ / 5° C/ ^J - P((o a/ ^)*/ 6 K/ ^) continuty of R~^« 
Therefore R is the required topological isomorphism between 
the spaces <( 6 a ' P >\ P ( ( 6 a ' P >*' ,"<*“'4 ) and (d a ' P ,P (d a ' P ,6 a ' P ) ) . 
This establishes the result. 


4.3 Certain Subspaces of a Fr4chet Space 

We consider here a special type of matrix spaces, 
which in particular, envelop a class of entire functions 
of two variables. The purpose of this section is to study 
the topological properties of these spaces and continuous 
linear functionals thereon. 


To be precise, let p = {p m ,m>0} and q = {q n ,n^>0} 
be two bounded sequence of real numbers such that p m >0, 
q n >0 and {p" 1 } and {q" 1 } satisfy Mandelbroit restriction , 
namely, if = — - and k_ a = » then 

(4.3.1) lim = h > 0; lim ( = k > 0. 

For M = max {1/ sup p } # N = max {1, sup q\ } and P >. 

m n 

we introduce the spaces 


M“ 1 +N "* 1 


and 


-1 -1 

rp'(p,g) = ia 8 Q: lim(m+n) l a mn l m ^ < P*# P> 0 

1 

- 1-1 

P "Hj 

J' (p,q) = {a 6 l(m+n)!a 1 m n -* 0 as m+n- 00 } . 

D **■ ill II 


l 
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Then, the spaces I"p (p, q), {3 > 0, are clearly vector 
spaces with respect to usual pointwise addition and scalar 
multiplication. However, the topological behaviour of 
the spaces Fp(p, q), p > 0 and r > (p / q) don't seem to be 
analogous and so we bifurcate this study in the following 
two subsections. 


The Spaces fp(p,q), P > 0 


For e > 0, we define a positive real valued function 
I 1 .,P+e| I on fp (p,q) as follows 


- 1,-1 

p m +q n 

(4.3*2) ||a,p+ell = la oo l+2 S * a mn* +N * a ® ^ 

m+n >1 ^ 


At the outset, we have 

Proposition 4.3.8t The collection = { H.,P+efl, e > 0} 

defines a decreasing family of norms on the space fp(p, q) 
and ( fp (p, q),Tp), where Tp is the topology generated by 
Dp, is a complete metrizable locally convex space* 

Proof * Let us first of all observe that the function 

||a,p+eil as defined in U%3*2) is finite for each e > 0 

and a g Fp (p, q). Indeed, for e > 0, choose 5 > 0 

with 6 < e. Then for a 0 lp(p,q), there exists N q S N q (5) 

N = N (§) such that 
o o 

-1 -1 

M +N - 

-i + -i 

(m+n) 1^1 m n < P+6 , * m+n > N \ Q 
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If \ 6 IN is such that the inequalities 



> h + p' 


-1 

m-1 



> k + 


q 


-l 

n-l' 


V m#n > % 


hold# then following the analysis as in the proof of 
Theorem 4 .2.3/ we can establish 


p 

■wn 


-1 


Pm + q. 

m 


-1 


n 


2 2 
rrn-n > N' 


/■xtt-ru -i 

r -X' |a mn ! p+e 




2 2 

m+n > N* 


v p+e' 


< 


where N* > max {N /N^}. 

The expression in (4.3.2) is clearly a norm on 
r-pCp/q) for each e > 0 and also for e^> £ 2 # 

I I a#P+e£| < l |a # p+e 2 I 1 . 


If {r n J is a decreasing sequence of real numbers 
such that r n ** 0 , then the countable f amily f 1 1. #P+r n ! I :n > 1} 
also generates the topology Tp# thereby making 
( rp(p#q)/ Tp) a metrizable space. 

For proving the completeness of the space (p# q) # 
consider a Cauchy sequence Ca t } in Tp-Cp/q). So for 
each T) > 0# there exists t s t Q ( 77 ) such that 


I |a t -a S ,P+£l! < V , V t,s > t 


- 1 , -1 
p m +% 

“> ■ a oo- a oo' + ^ , 1 1 w4 1 ^) M ' 1+N-1 < «. V t, s > V 
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Therefore, for all t,s > t , we have 


-1 . -1 

+q _ 
rm ^ n 


(+) 


la oo _a oo' < '4-4' C^ M ‘ 1+N ' 1 < n. * m,n,m + n > 1 


Consequently, for each fixed pair (m,n) of positive 

• t 4 

integers, {a mn } is a Cauchy sequence in IK . Hence we can 
find a matrix a = [a mn ] in Q such that a^ n •* as 

t -* oo . Therefore, we have from (+), 

-1, -1 
p m + % 

'4 -oo' < Cff> M ~ 1+irl < V, « m+n > I- 


Since a ° G ^(p, q), for e Q < e and sufficiently large 


m+n, m+n > N o (say) we get 


-1 -1 

P +q 
m M n 

/'m+n\M*"^+N“^ 

^p+e 


- 1 , -1 

Pm - ^n 
-1...-1 t 


»W < 


^m+n^M +N 


P+e 


-1. -1 
^ +q n 


P-Vq - 1 

< n + 

p m 1+ 4 

< ri + C^> 




-P -1 
Pm 

m- 1 +n“ 1 




As +N - O as m+n-* °° , 

constant L > 0 such that 


aS 

mn 


there exists a 
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rK < j " 1 

m H n 

“I . XT -1 


/ itH-m M +N 

v p+e 


1 ^n 1 5 h * v m,n - 1 * 


Hence 


-1 -1 
M +N 


-1 -1 
M +N 


" 1 ■ “- 1 p^ 1+ q7 i 


Cm+n)^/*^ <C^e)L P - + ^ 


- rr^r 

p - +q n < p. 


==> lim (m+n) |a mn 1 
This shows that ae T^Cp.q). Also, from (»), we have 


W a oo l + , y a mn“ a mn‘ v p+e‘ 
°° oo x<m+n< r 


for t,s > t Q and any r 8 B* r Letting s - - , we get 

- 1.-1 
p m q n 


I a oo _a oo' + ? S , '^n-W ^ 
oo oo l<m+n<r 


M" 1 +N~ I 


< T), t > t 


As r el is arbitrary. 


Hence a -* a 


: -a, P+e 1 1 < V , ^ t > t Q * 

in T fi -« This completes the proof. 


To 

following 
Lemma 4 '* 3 -# 4 S 


characterize the dual of fpCp.q). *«* 


the 


For each a er.tft?). the series 
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(+) 


E E (m+n) 
m+n > 0 


m“ 1 +n“ 1 


a mn c ran 


converges if and only if for some e > 0# 


m"' 1 +n“ 1 


(*) 


le t 

mn 


-i , -i 

+< 3 v, 

m ^n 


< p+e" f v m # n — 1 and I c QO I < 1 « 

Proof i Suppose (*) is true. Choose 6 > 0 with 6 < e. 
Then there exists an integer N q = N Q (6) such that 

m^+n " 1 
- 1 + -1 

(m+n) la mn | Pm ^ < P+ 6 # V m+n > N q . 
Consequently# we have 


S S 

m+n > N pe 


- 1 . -1 

p +q„ 

* m n 

-1 , .,-1 


la_ c 1 < S E (a" 
^" n mn "“m+n >N P+E 


(SLt£.) M '" +N ' 


— o 


< 00 


as p +6x p+ £ and satisfy (4.3.1) (cf. P roof o£ 

Theorem 4.2.3]. 

Conversely# suppose (+) converges# but (*) does not 
hold. So for each k > 1/ there exist and n^ 

such that . 

p’* 1 +q” 

Sc 

, / 1 ) M“ 1 +N _1 

l ° II V n ic ( f +1 A 


Define a G 0 as follows* 
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-1 . -1 
P m + q n 

( m + n ) M ‘ 1+N * 1 



_“"1 -1 
P - +< 3 v , 

-m ^-n • 

Ijf "*1 . -NT**1 


k v 


m=m 


k# n=n k# k > i; 


0, elsewhere. 


Clearly, 


M~ 1 +N" 1 

p -l, -1 
P m +( 3n < 


lim(m+n) la^l 111 n < P 
and so a 6 fp (p, q) . But 


-1 , -1 

Prr, +q^ 

m k X 

,Cm k +n k )M +N > !' V k ^ 1 * 


This contradicts the fact that, (+) converges for each 
a 6 I”* p (p, q) . Hence (*) holds if (+) converges. 

Using the. above lemma, we are now in a position to 
prove the main result of this subsection, contained in 


Theorem 4*3*5 5 A continuous linear functional F on 
fp(p,q) is precisely of the form 


i 1 


p„ +<% 


-1 


(*) F ( a ) = a_ _c + 2 S (m+n) 

OO OO . _ s. n 

m+n > ± . 


m~ 1 +n" 1 




mn 


where for some e > 

-1 -1 


M +N 


(+) 


* C mn' 


p m 1+ 




P+e 


, V m, n > 1 and 


1c I < 1. 
oo — 
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Proof s If (+) holds, (*) is well defined by the Lemma 
4.3 *4* Clearly F, given by (*), is a linear functional 
on fp (p,q) . Moreover, the continuty of F is a consequence 
of the following inequality namely. 


- 1 . -1 

P m +c b 

IF(a)l < la I + ££ "(m+n) M +N n 

~ 00 m+n > 1 , ^ nmn 

P m + <£ 


%n c — 1 


< I a I + 2 E la n l(|±£) M " 1+H ' 1 
" 00 m+n > 1 mn p+e 

= 1 1 a,P+£ I I 


Conversely, let F be an arbitrary continuous linear 
functional on Fp (p, q). Recalling the matrices (e mn ) from 
Chapter 1. Section 3/ for a e f^Cp, q), consider the sth- 

Cs ) 

plane section a given by 


a 


(s) 


£ £ 

0<m+n<s 


a e 
mn 


mn 




Then 


1 1 a-a^ s ^,p+£ 


I I < 


£ £ 
m+n>s 



+q 


-1 

n 


a 

mn 


/m+mM 

W 



*+ 0 as s •* 00 


Therefore, by continuity of F, 
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C++ ) 


P (a) 


11m F(a^) 

3 -*• oo 

a 00 P(e 00) + 11m 

S -*co 


2 S 

l<m+n<s 



Also, by continuty of P, we have 
IP (a)l < I I a, P+£l 1 

for all a 6 ^(p, q) and some £ > 0* Therefore if 
c G 0 is given by 


then. 


But 


mn 



, m+n / 0; 


, m=O,n=0, 


and 


lc I =lF(e°°)l< I I e uu ,P+e I ! = 1 
oo 


oo 


lF(e mn )I 


mn 


- i +q - 1 

m 

-1 . „ T -1 


i Ie mn ,.e+£ I L, 


(m+n) M +N (m+n) 


P +q 

n 


-1, -l 

Hn ^n 


e ran , P +el 


= (p|) M ~ 1+irl , V m+n > 1, 


therefore. 
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m~ 1 +n"* 1 

lc W m < F? ' V m+n - 1 

Thus c satisfies (+) and from (++) F has the representation 
as given in (*) . 

The Space ("^ (p, q) 

Before we pass on to topologize the space ^(p^q)* 

we first consider the relationship between the spaces 

f^(p, q) and T(r, s), defined corresponding to two different 

pairs (p*q) and (r,s) of sequences p = £p Lq = {q n } t 

m 11 

r 5 }r } and s s is } satisfying the condition (4 .3 .1 ). 

n 

•Indeed we have 

Proposition 4.3*6: (p, q) if and only if 

r s 

(4.3.7) lira ~>0 and lin ” > 0. 

% y n 

Proof i Suppose (4*3«7) holds’^ Then, for X and with 

r s 

. lim — > X > 0 and lira ~>M- > 0, 
p m 

there exist integers = N^(k) and ^2 = ^ ^ such 

that 

r > kp ; s_ > 4 q_ 
m m n ^n 

for m > N 2 and n > N 2 respectively. Take a el^Cp^q). 
Then we can find an integer ^ 6 M such that 

(*) 


I (m+n) I c^ n l < 1# ni+n > N Q • 
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Now for e =«nin i\li} and m > n > N 2 




1_ + 1_ K 1 1__ < P m +q n 

r s “ Ap -gp q * 

m n f ni H n or mTi 

0p~cl 


r s 
m r 

r+s 
rn n 


, ^ m am 

-1 — 1 ““ p +q 

r +s iTi 

m n 


Therefore, in view of (*), we get 


l(m+n)! a 1 
ran 


r s 
m n 


Vfci 

r +s 

I m n < 

[ 1 (m+n) ! a mn l 

P m +q n 

and m+n 

> N . Thus 
— o 

a e 1 


]7 


and hence r 0 wcr 0 fc- s ). 

Conversely, suppose (4.3.7) is not true. 

Consequently, 

r s 

lim = 0, lim - — = 0. 

P m % 

Therefore, there exist seauences im ± } and {n^J of positive 
integers such that 


m, 


< t P m t s < i a # i > 1# J > !* 


l i "** “ l i j J 

Now/ construct a S 0 as follows 


(m+n) ! 


a mn ” 7 


ftCi+j)" 1 ] m n * n=n .;i. 3 — 


V 0 s , el s e where . 
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Clearly, a 6 I^(p#q)CI T 0 (r,s) . But 

r s 
m . n . 

_ JL — J 


r +s 
m . n 


p ^+cr ^ 

r-^s ' 1 
m * n . 


n iU * a 4 

i j 

, .-1 .-1 

> [(i+j)” 1 ] 1 +J 


yields 


-1 


- 1.-1 
r +s 
m . n . 

{ ! (m. +n . )! a n ! 1 J } A 0 as i+j - 

J i j 


This is a contradiction to the fact that a 6 P (r, s ) . 
Hence the required result follows. 


For topologizing the space P 0 (p,q), we have two 
methods to generate the same locally convex metrizable 
topology T q » To begin with, we introduce a real valued 
function ¥ on F^Cp, q) as follows* 

p-^+q ” 1 

'Ha) = sup FI a QO i ,* I (m+n)! m , m+n £ 0 }, 

a G r Q (p, q) 

where 


M = max C 1, sup p } ; N = max £l # sup q } . 
m m n 

Then we have 

Proposition 4,3.8: The function ¥ is a paranorm on the 
space I" (p,q) and P (p,q> is a complete metric space 
where the metric d is being induced by the paranorm ¥* 
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Proof: Clearly, 'Ha) > 0 and 

¥(a) = f(- a ) 

for all a 

in 

r o (p,q) . 

For a “ KrJ and b = Cb mn ] 

in r o (p#q) 

the inequality. 


M“ 1 +N”’ 1 

m*’ 1 +n" 1 

M" 1 +N’ 1 

(*) 

, , Pm "^n 

a mn +t mn* — * a mn 

-1 -1 -1, -1 
p„, +q„ p„, +q„ 

I + lb mn i 


==> ¥(a+b) < 'Ha) + ’Kb). 




Now# let ^(a^-a) -* 0 and 

X. ■* X for 
t 

a^a G f 0 (p,q) 

and 

X , X & UK Then by (* ) 



(+) 

'HX^-Xa) < 'HX t (a t -a)) + 'PCaC X^-X) ) . 

For 

given e > 0, we can find an 

integer t Q 0 

3N such 


•that 

(*+) 

and 

(**) 


l\ t -M <1 # v t > t Q 

< ifrnriT ^ ^ 


—1 *“'l 

since M ,+N < i t for all m,n >■ 0, we have for all m,n>© 

P“ X -H3" ~ 

m n 


\K 


-1 -1 _-l . _-l 

+q 


m < (l+I M ) _rn 


Pm *%. 


< 1+1 M, v t > t 


Consequently 
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(+*) 


M*** 1 -f N"* 1 
-1 -1 

P m 

sup i X | < 1+1 X| , V t > t 

m r '-n — c 


¥ 


Hence from (* *) and (+*), for t > t we have 

— o 

m^+n " 1 

-i-i 

(X, (a P -a) ) = sup 1 (m+n)I (a t -a ) X, I m n 
t m , n mn uin t 

mT^+kT 1 

+ p^+q" 1 

< 'PCa^a) sup IX. I m n 

m, n 

< e/2 


Further, there exists an integer N q s N^Ce). such that 


M -1 +N -1 

p~ 1 +q“ 1 

l (m+n) ! a 1 m n 
mn 


< e/2 , V m+n > N 


since a G f^(p,q)» Also from (■*+), it follows that 

m‘~ 1 +n "* 1 

sup I X. -XI m < 1/ v t > t 

m,n *- “* 


Hence 


(++) 


sup l (m+n) 1 a „ ( X. - X) I 
v * T mn t 

m+n > N 


-1 -1 

M +N 

p” 1 +q” 1 

m n 


< e/2, V t > t 


Since 


-1 -1 
M +N x 

p^+q " 1 

sup IX -XI m n *♦ 0 as t-*°o J 

0<m+n < N 
— o 
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there exists = t^e) so that 


sup 

0<m*f*n < N 


-1 -1 

M X +N x 

ix t -xi p ™ 1+q - 1 < , *t > % 


Therefore, for t > t. 


m~ 1 +n”' L 


p’’ 1 +q” 1 

(+++) sup i (m+n) 1 a (X, ~X) I m n < e/2 

0<m+n<N mn 7 

— o 


Thus, if t > max tt #1^} , we have 

M~ 1 +N*~ 1 

p"* 1 +q~ 1 

sup I Cm+n) ! c^ n ( X t « X) 1 m n < e/2 
m, n 


Equivalently 


¥(a(X t -X)) < e/2 

Hence from (+), finally for t > max {t Q , t^} , we get 

W(X.a t -Xa)< e/2 + e/2 = e 

V# 


This establishes that, ? is a paranorm on the space 

r o ( P,qK 

For proving completeness of r^(p,q), consider a 
Cauchy sequence Ca t } in l^(p,q). So for given e > 0, 
there exists t* 5 t*(e) such that for t, s >t*. 
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M** 1 4-N~^ r 

(***) 1 Cm + n) 1 (a^ n - aM 1 ^ < e M ~ 1+N ~\ m, n > 0 . 

Consequently/ the sequence ia^ n } is Cauchy in the scalar 
field IK# for each fixed pair of (m,n). Hence we can 
find a set {a mn * m,n> 0}£^]K such that 

a t -* a „ as t •* 00 
Tnn mn 


Also, 


^ 1 — 

W + n> '.a mn ,^ r < .«.«)! ^ + ,Cm+n > ’ 


_1 

rC'-W^y"”* 

-'<• .ri.u L '» 


1 

-1 -l 

- ¥ * P m +P n 
< e + l(m+n)la mn l 


==> a e l^,^P/q ) 


Further from 


(**-*)/ taking the limit as s - ~ , we get 


m^+n * 1 

-l 


,-i ,. T -i 


, t , +qn < S M +N , * * ^ 


./ \ r ( t ) l “ < e / ** u - w 

sup Km+nJuv^jj-^nn' 

m/ n 

==> y (a^-a) - 0 as t - 00 

, „„ r (n a) is complete. 

Hence the space I Q ^P/q ; 

c . , or . a family »of soninorms generating 
Next, we consider a family 

topology T Q equivalent to the paranorm topology V 
For a e r(p.q) ana 6 > °. we introauce 
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1 I a, 6 1 i = sup { I (m+n ) ! a I /§ 
m# n mn/ 


-1 -1 

P_ +<2- 
m 

-1 -1 

M i +N X 


Let us observe the following 

Proposition 4.3.9: The family I 1 .,6i 1 #6 > 0 } is a 
decreasing family of seminorms on r" 0 (p#q)# generating a 
locally convex metrizable topology T . 

Proof : Clearly# l!.#6'|I is a seminorm on r Q (p#q)# 

for each 6 > 0; and for 6^ > 1 la# 6^1 I < I I a#6 2 l I / 

for all a e F^(p*q)» 

Also# for any sequence f r n i of positive real numbers 

with r -* 0# T is generated by the countable family 
n o 

| l*#r n l | and so it is metrizable. 

The topologies T^, and T q on F Q (p#q) are essent ally 
the same# as shown in 

Proposition 4.3.10: The two topologies and T q on the 

space r;(p#q) are equivalent. 

Proof ! Let a 1 0 in T f # 6 > 0 and 0< e <1 be 
given Choose A > 0 such that X < fie# then we have 

-1 -1 -1 -1 

P m ^n . 

(£) M ” 1+N "’ 1 < (e) M 1+N 1 < e# V m+n > 0 
6 

Since a 1 - 0 in T f # for the above choice of A# there • 
exists an integer X = 1 (A) such that 



Ill 


m^-hsT 1 

p“‘ 1 +q“ 1 
I (m+n) U 1 I m n 

KUl 


< X, ¥ m+n > X > 


Hence for i > I, 


Pm^n 1 


J HI Li 

— ^ I'.V 1 < < e , V 

1 . ~± 5 


m 4n> 0 


P +<3 

C M“ 1 +N~ 1 

o 

So I la^;5 I 1 < £, i > I, that is to say, a^ *• 0 

Conversely, let a 1 *♦ 0 in T q * So we get 

for each 6 > 0. Then for each e > 0, choose 

such that 6 < £ and X < §■* Then 

o 

-1 -1 

p m 

X < (§0 < (|) M 1+N V m,n > 0 

0 0 

m** 1 +n “‘ 1 

-l -l 

p_ +cr 

==> § X < e , V m,n > Or. 

Now for the above choice of X, there exists I 
such that for i > I 


I (m+n) I a" 


mn 


p“ 1 +q ” 1 

n 

M" 1 +N “ 1 


< X, V m, n > 0 


-1 -1 
M X +N 

- 1 . -1 


Kr 1 +N~ 1 


1 (m+n) J 


i < 6 < e, i 


in T . 
o 

I I a 1 , 6 I I - C 
X, 6 > 0 


S I (X) 


> I, V m, n > C 



112 


and hence the two topologies and T q are equivalent. 

To characterize the dual of f“ (p,q), we need 
Lemma 4 .3 .11: For every ae l 0 (p,q), the series 


(+) 


2 2 (m+n) ! a c . 

mn mn * 


m+n > 0 
converges if and only if 


-1 -1 
M +N x 


(*) 

is bounded. 


- 1 . - 1 
+q.„ 

{ lc ■ I ; lc I m n 

* rr> 


oo 


mn 


, m+n > 1 } 


Proof * Assume first of all that there exists a positive 
constant L, such that 

- 1 , -1 

p„ +q„ 

un ^n 

|c |<L; lc l < L M +N t m+n > 1 
' oo ~ # mn - ~ 

For each a e l” 0 (p, q)* we can find J?, S IN such that 
I (m+n)! a I < (^f;) M +N / v m+n > 


"mn " '2L 

Hence for m+n > fs , we have 


Km+n)ia c • < 2 
mn mn 


p 1+q - 1 

/■ra__vL_\ 

-1 - 1 ; 
M +N x 


and this leads to the inequality 



1X3 


(**) <• 2 2 


l(m+n)la c |+ 2 2 2 

0<m+n <£ -1 Tnn mn m+n> ,* 


-1 -1 

+< 3 r , v 

( m n ^ 

~ ^ ~1 -l 

M +N x 


Using Mandelbrojt restriction on p -1 and g” 1 and following 

m ^-n 


the proof of Theorem 4*2.3# we can establish 

■) 


-1 

-<* 


S 2 M ' 1+ » -1 < » 

m>0 


and 


-( 


-1 


-) 


E 2 M " 1+N_1 ' < - 

n>° 

Hence from (**), the series (+) converges. 

Conversely, assume that the series (+) is convergent 
for each a 8 but the sequence (*) is unbounded. 

Then there exist increasing sequences {m^} and {n-^} of 
integers such that 

P 4 +C \ 

tt — n 

Ic l > k # k > 1 . 

m k”k " 

Now, construct a 6 ^ aS follows* 


(m+n)! 


\n' 



- 1,-1 

(Vii) 

- v ^r rp 

. M *fN * m — n * V > 1 * 

k / m^/ n "' n ]c * ^ ZL 


0 , otherwise 
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Then 


(m+n) I a I ^ 


run 


0 as 


and so a Q However/ 


1 <m k +n k ) ‘ \* k 1 > 1 


m+n-* 00 


and this contradicts the convergence of (+) . Thus the 
required result follows. 

The main result of this subsection is contained in 


Theorem 4*3*12; Consider Q(p, q) equipped with either 
of the two topologies T q or T^« Then every continuous 
linear functional F on f" 0 (p # q) is given by 


(*) 


F(x) 


£ S (m+n) ! 
m+n >_ 0 


^nn G mn' 


x 6 T 0 (p/q) 


where 

(+) 


{c } is such that 
mn 

M~ 1 +N~ 1 
- 1_-1 
p m +q n 

C I c 1/ 1c 1 m 

oo mn 


m+n / 0 } 


is bounded* 

Conversely, for c 6 Q satisfying (+), the function 
defined by (* ) is continuous and linear. 

Proof » Suppose F G [Ttp/q)]''* For x6 f” 0 (P/q)/ 
observe that 

M~ 1 +N~ 1 
-1 -1 

. (s ) % , / \ , , P m "^n 

¥(x-x V ') = sup I (m+n) 1^1 

m+n>s 


0 as s ^ oo. 
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where tli© s—th plane section x^^ of x is given toy 


x (s) = n 


0<m+n<s 


x e 
mn 


.run 


Hence toy the continuity of P we get F(x^) -* F(x)# 


and so for x e f^(p, q) 


P (x) = lim 2 2 

s*»°° 0<m+n<s 


x mh 


F(e mn ) 


where 


2 2 (m+n) ! x c 

_ . n mn mn 

m+n > u 


mn 


1 

(m+n)! 


F (e mn ) . 


Now by the Lanma 4.3*11/ the sequence 

-1 -1 

M +N 

p -%: 1 

5lc oo l; lc mn' , n+n/ 0} , 


is bounded. 

Conversely# let F be mentioned as above in (*) . We 
need show only the continuity of F# linearity being clear 
from the definition. So let x^ ■* 0 in either of the two 
topologies . Put 

-1 -1 

M +N x 

-1 -1 

P m + q n 

L = sup C i c 00 J / ic mn l / m+n d 0 J . 

By Mandelbrojt restriction on P m and q n 
an Integer N q such that 


we can find 
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h; %< 1 - 1 > Wm i V 

L e t £ > 0 be given. Choose tj > 0 so small that 
T)L < 1 and 


rjL + 


(hh) 


-1 -1 

P A 

. .& .,-S- 

„-l .,-1 
M +N 


k/M _1 +N _1 

fN (l-(rL) ) + l] < e 

Then there exists t Q = t Q (n) such that/ for t > t Q we get 


:=r 


-j- [ n o (i- (T,L) h ^' 1+H ’ :L ) +1] 


-1 -X 

P m +q n_ . 


lx. 


;t t < 77, I Cm+n) I i M ’ 1+N 1 < V. m+n > 1 


oo 


But we have 


I v(x t) I < | c 00 x^ 0 i + S I ^m+n) ! \ n c mn * 


(**) 

where 


< nh + S £ Ct)Xj ) 

— m+n>l 


-1, -X 

p m +q n 

M" 1 +N" 1 


# t > t c 


-1 

un 


N -1 


-1 

un 


-m 


-1 .VT -1 


S CrjL) 
m>0 

N -1 


M^+N' 1 _ £ (rL) M +N + S 


—1 -1 
M +N X 


un 


m=0 p -l 
SI 

. tQ 


^ N o 


h 


< "S (, L )«- 1 ^' 1 

m=0 


M'’ 1 +N" 1 ^ 1+ ( r)L ) M + N +((r)L) M + N ) +*- 


-I.,-! 2 



1X7 


-1 


P o 

N —1 -t V 

m=0 l-C^Ljh/" +H 


-1 


P, 


o 


, T ,M" 1 +N*" 1 , CrjL) 
< N (.rib) + — 1 — 


■-1.XT-1 


vM +N 


l-('nL) 


h/H _1 +N” 1 


(r)L) 






“ 1 +n“ 1 ‘’ 


and similarly 


[>N- (1- Cr)L) h//M 

v* r\ 


'-^N - 1 


) + 1 ] 




-i 


-l 


L n 


s (■nL) M_i+N ~ r < +N +N 

n >0 


+N ] 


— i[N„ (l-(flL) ’ 

-1 .«-l L O 


)+l] 


Hence from (*"*)# f° r t £ t o 


p“‘ 1 '+q~'*' IS 

< tjL + i HI 


l'P(x t )l < 1)L + 


»“’! -»t*” 1 - • \}c/H +N 


[ l_(„L) h . /M ' +N ' 


< e 

t, „ 0 „ t - - and hence it is continuous. 

Therefore 'Hy ) - 0 as 

For the final result of this chapter, » need 

Definition 4-.3.13-- Ihe sequences P 5 i P m ^ > °> and 

q s S q ,n>0) are said to satisfy densi ty conditi on 
n ^ 
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(4.3.14) lira mp > M; lim nq >N 

' - m ~ — n 

where M and N have the usual meaning* 

Restricting p and q further, we have the following 
relationship between the spaces f"(p,q) and fp-(p,q); 

Proposition 4.3.15: If p,q also satisfy the density 
condition (4.3*14), then F^(p,q) is a subspace of 
r p (p,q) for each {3 > 0. 

Proof * Let a G r^(p,q). Then 

-1 -1 
M X +N x 

p“ 1 +q“ 1 

l(m+n) ! a tnn [ m n ** 0 as m+n-* 00 

So for each e > 0, there exists an integer N q = N Q (e) 
such that 

~.j$ 


(+) 


=> (m+n) I a. _ I 
ran 


-1 -1 
M +N x 

” rr 

p m ^ 


l n 


(m+n)i 




, m+n > N 

- 1-1 “ 

M J '+N X 

- 1 , -1 

P_ +q„ 


In order to show the boundedness of the right hand 
side sequence for m+n > N \ Q , let us observe 
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m+n 


[ (m+n) ! ] 


M“ 1 +N“ 1 

p-v - 1 

m 


s c 


m+n 


M^+N " 1 


,q n 


[e“ (m+n) (m+n) m+n+1 /2v2K ] 


-1 , 
Prr, +< 3 - 

m ' 


-1 

L n 


where c is a constant (cf.[254] p. 131) . Now from (4.3.1)/ 
there exists an integer N^ e IN such that 

p“ 1 > (m-N x )h + p^,* q~ X > (n-N 2 )k + q“J , V m,n > ^ 

==> p -1 > (m-N )h ; q“ 1 > (n-N. )k , V m,n > 

rn jl ii 

==> p" 1 +q” 1 > (m+n)X -2^0 # , V m,n > Nj. 


where Z = min {h/k } , 0 = max {h # k} . Therefore 


(m+n) 

e 


-1 

M +N 




< 


M~ 1 +N~ 1 

rg_2Nl.Q 

t** mXn 


m" 3: +n" 1 


as m+n -* 00 


Hence there exists a constant K such that 



(m+n) t ci±JCi 

P X +<2 

e “I n < K, V m+n > 0 

find N 2 6 M such that 


AlSO/ 


we can 
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> 1, n-q n N'" 1 < 1, V m, n > N 2 
=> (m+n) (M“ 1 +N“ 1 ) > P^+q " 1 , V m,n > N 2 


Hence 


(* 


m+n 


m+n 


-1 -1 
M X +N 

- 1 . -1 
.Pm +< 5 


~1 -1 

M +N x 

"P^+qf 1 


[(m+n) m+n+ V 2 ] m n [(m+n) m+n ] m n [( m + n ) 1 ^] 


-1 -1 
M +N 

-1 -1 

P +q 
- m 


m+n 

m+n 


- ■ <£ . y , V 111,11 > 


M +N 

_T 


[(m+n) 1 /2] P “ ^ 


-» 1 as m+n •* °° 


Since 


m‘" 1 +n“ 1 
- 1 + -1 

( ^) p m % „ 1 


as m+n-* 00 


t we have from (+)# ) and. C++) the following 


-1^ -1 
p m +( 3n 


lim <m+n) la^l * °* 

Thus a 6 fp(p» q) for a11 ^ > 0 * 



Chapter 5 


«4 - Duals and Topologies 

5 .1 Introduction 

In this chapter, -we introduce a new concept of a 
dual of a sequence space X, where 4 is another 

suitable sequence space and a a given member of to. 

This new notion of a dual envelops, in particular, the 
well known a-, (3- and 7~ duals studied in [2], [153], 
[208], [92] and [29]:. Sane applications of this class 
of duals will be presented in the next chapter wherein 
we construct a class of weighted holomorphic functions 
with the help of these duals. In what follows, we 
essentially develop the basic results depending on these 
duals; in particular, we establish the results relating 
the sequential completeness of a sequence space X with 
its op. -perfectness, characterize boundedness of subsets 
of X and so on so forth. 

5.2 Basic Definitions and Results 

In this section we introduce the notion of 04- dual 
and define the 04 — topology. Indeed, throughout this 
chapter we fix the symbols 0,4,1^ and to represent 
respectively a given sequence in to, a sequence space. 
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a locally convex topology on fx and the fanily of semi- 
norms generating the topology T^. Then we define 

Definition 5.2.1. The ocX- dual of a sequence space A 
is the subset A^ of co defined by 

^ = {b e (o* aab GM'/ V a G A } k 

Clearly, is a subspace of w. Similarly, we 

uu 

can introduce another subspace, namely, ajx-dual A a(X 
of of o), where 

A oca = * C c G ut abc e V-, V b G ^ J . 

It is obvious that A <H?^» However, in case of equality, 
we have 

Definition 5.2.2; A sequence space A is said to be 
oji. - perfect if A = A^. 

To topologize either of the spaces A and for 

b e and p 6 D^, we define 

(5.2.3) p£(a) * P^ a n a n b n^ # a G A. 

It is obvious that each p^, b G ^ defines a seminorm 
on A. Then the topology generated by the family 
*p£*P G D^, b G 7^} of seminorms, is called the oM~ 
to oology and is denoted by T^. 
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Similarly/ for a 6 k and p e D^, let us define 
(5*2,4) P^( b ) « P^ a n a n b n J) ' b G ?£« 

ft ft 

Clearly/ each p a# a e ^ is a seminorm on K a and the 

topology/ denoted by is generated by the family 

{p a ;a G K P 6 D nJ of seminorms, is called au-to oology 
a r* 

jut. 

on 7^* 

Note* From now onwards/ we shall assu me throughout 
that a e w is such that a n 6 0, for each n > 1* 

As particular cases of & and fJ-/ let us observe Jie 
following* 

{a) for a s 1/ n > 1, we have the following well known 
n — 

duals and perfectness; 

(i) if d rn f}, ^ is the Kb'the dual \ x of \ and 
ad-perfectness corresponds to KSthe perfectness; 

(ii) if d - cs, is the P-dual of X and an- 

perfectness corresponds to P-perfectness; 

(iii) if d = bs, £ is the r-dual £ of N and ad- 
perfectness corresponds to r- perfectness, and 

(b) for a n * n ' n ~ ^ = c o an< * 

\ s (a G WS ^ -0 as n - *} , 

n ! 

^ is the space introduced by Boland (cf. [29], 

41 and also chapter 2, section 2). 


Definition 1*3/ P* 
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Thus, the 04-dual as defined in Definition 5.2.1 
yields various duals of \ for different values of a and 
different sequence spaces 4. 

In this as well as in the next section, we shall 
study the impact of the structure of ( 4 #^) on the 
spaces and ), and vice-versa, for an 

arbitrary a with ^ 0, n > 1. Let us begin with 

Proposition 5.2.5 t If (4/3^) is a K-space (resp. an 
AK-space)/ then (\, T^) is also aK,-space (resp. an 
AK-space) • Similar result holds for the space T ccp.) * 

Proof! For showing the k-property of (A#T mt ), consider 

a net {a fB e I } .in k with the property that a -* 0 

fJ" 

in T^. Therefore, for e > 0, p G ^ and b e 
there exists an index Ce#P#b) in I such that 

s£(aP> = P«v£ b n J) < e ' V P - P o- 

B jut 

Thus a a p b -* 0 in (4,^) for each b e 

Co ns equen tly, 

vta - V n ^ X ' tb n J 6 

Taking b = e n , we get 

a^ - 0/ V n > 1. 

Hence (^T^) is a K-space. 
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For proving the AK-property of (X*T ), let us 
consider an element a in X. Then for P 6 y b S ?£ 
and f = aab 6 Ji/ the equality 

p^(a^ n ^-a) » p(la^ (a^ n ^-a^)b^} ) 

= p(?^-y) 

along with the AK-ness of (p./^) yields the desired 
result. 

The result for C^,T^) follows analogously. 

5r.3 alt - Perfectness and Completeness 

As mentioned earlier/ we investigate in this section 
the relationship of au-perfectness of X with the completeness 
or sequential completeness of (4/T^). .First of all/ let 
us make the following simple observation contained in 

Proposition 5-.3tl The_«l-dual ( of a sequence space 
X is always an-perfect. 

Proof « Straightforward. 

Next, we prove 

Preposition 5.3.2. Let (U,y be an AR-space. If 
( h,T ) is sequentially complete, then X is dl-perfect. 

Proof s For proving the result/ we just need show that 

C for the other inclusion is always true * Let US/ 

therefore# take an element c in 


Then 
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( n) 

c v e K v n > 1 . 

Also, for b in r^ n) - y in 1^, where y ~ abc. 

Therefore, for p 6 and m < n, the equality 

p£(c Cn} -c Cm) ) = p(r (n) - r (m) ), 

(n) 

yields that {c } is a Cauchy sequence in (T^T^)* 

Hence there exists an s in X such that 

(n) 

c •* s as n -* 00 

relative to T . But s=c by Proposition 5.2,5 and 
the fact that c^ n ^ = c^, for each n > i» Hence = k 

Remark t Before we prove a partial converse of 
Proposition 5.3.2, let us note that none of the conditions, 
namely, AK-ness of the space Oi,^) and the sequential 
completeness of ( X, ) is indispensible in the 
hypothesis of the above result; for we have 

Example 5.3.3:- Let P- be the non-AK-space |T of all 
bounded sequence equipped with the usual supnorm topology 
and \ be the space c Q of all null sequences. 

Choose a=e. Then 

= cf s lb G US ab G , V a e c Q } 
e 

= r 


and 
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C - iof )f =[c 6 «bo el",vb 6 i“i 

e 

= r 

Thus X is not ofx -perfect. Further observe that/ 

T ^ on c Q is generated by the family {pj®*b S jlT} , 
e Ju 

of saninorms where 

p^(a) = sup la^b^l , a e c Q , b e£°°« 
n 

Since 

S“P la^bj < llalljlbll. 


n 


for each a e and b 


etr 


than 

V- 

' «pn 

c 

el# 

o 

(c .T 

) 

° eiT 


Clearly, Tj^C T , f < ^r e q jt°° . Hence, 


is complete. 

Example 5.3.4* Let (4,^) be the AK-space <P , 
equipped with supnorm 11*1 ^ c o* For a - e * 

we have 


and 



lbe»: ab e ^ / v a ec 0 j 
<p 


ml m (c * )* s {c e o» be e <p » vbe«P3 

QCOt O Q 


s 0) 
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Thus c D is not -perfect. The topology T on X 

° T 

is generated by the family { p£:b 8 <P}, where 

p^(a> = sup ia n b n j , a e c Q , b e <P , 

since# 

I^(a) < S la n b n l = p^a), V a e c Q , b e 9 / 

T /n C~~ t^) . On the other hand, consider b g <P 

and % be the length of b (cf. Definition 1.3.1). Then 
for a e c Q , 

Pb (a) = S la n b n‘-^ p b (a) 
n 

yields r)(c Q , < P) T &(p , Consequently, T Q(p = 

and (\,T^.) a (c,v(c.,<P ) ) . However, the space 

Qff-k O O 

(c , T)(c ,<P)) is not sequentially complete; for the 

o o ( ) 

sequence, {e^ n ^, n > 1 J in c , where e = Cl, .,.,1, ...} 

" ° nth-piece 

is a nonconvergent 77 (c Q , < P) - Cauchy sequence in c Q » 

On the contrary, the following example illustrates 
that the i^c-ness of the space (4/T^) is not a necessary 
condition in Proposition 5>3>2 

Example 5.3.5; Let be as in Example 5 .3 -3, 

and X be <P . For a = e 

^ = {b e ajab e L $ V a 6 

ss 0) 


and 
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^ - (<p*" ) ^ *{cewt bcel“* 

oca e e 

= <P 

Thus X is ocu -perfect. Observe that the topology T 
is generated by the family tpjlb 0 ^}of seminorms# 

where 

p*(a) «= sup la n b n l * a e <*> # b 6 « 

D n 

clearly, T jCflOf.oh other incluslon obsarve 

that, for each b e. »,' h„ > there exisW 6 6 “* 

e > O such that Ib^Jet 1 Uf. Proposition 1.3>8) 
n — 

Therefore# fob a e <P 


*> U> “ n|l UAI 

< ( s S* 1 Pc U) 

n>l n 

Consequently* ,(*.»> Hence - C^»» 

is complete by Proposition 1*3.2. 

c tv-/hTvhte-}tion e >.3.2 is obtained in the 
Converse ©£ Proposition 

form of 

r, T, a +- tU.iT ) be a complete [resp* 
a2Eas4£±2a 5.3.6. Let ^ 

Sequentially complete] K-space. 

t i 1.** (resp. sequentially deplete) 

then (X# V id eomplete 

* result fob completeness/ the 

3®* 1 bet us prove the anaW i r * 

part for sequential com pie 
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8 

Let £a :P B U be a T^-Cauchy net X. Then by 
Proposition ^.2,^, it follows that ia n J is Cauchy in 3K. 
Hence we get a 0 w such that 


8 - 

(*) -* a n , V n > 1 

Now if b G then for each Pei, we have 


So the relation 

p£(a P -a y ) = p( l a n 4 b n } ~ ^n^n 5 ) 

and the Cauchy character of Ca^i P 6 Din (X,^) show 

that {a a P b } is a Cauchy net in M-. As is 

n n n 

complete, there exists s 0 M- such that 

(**) t« n 4V p (s n? 

in the topology V Hence fr ° m ^ *** 

s n = “A 1 " “ nil 

*s=> {oc^a^^i ® ^ * 

y m . 

As b S ^ is arbitrary, it follows that a 0 \ a 
Further the completeness of the space 
from the fact that, convergence of 

ia a^ b J Z 
n n n p n 

P 

in implies that a - a in V 



131 


Ren ark : Neither the completeness of inor the 

aju— perfectness of X can be dropped in the above 
proposition/ for we have 

Example 5.3.7: Let 4 - X, 1 and ^ be ^ ^P 00 ^ 11 
topology on I, 1 . Further, take K « and a=e. 

Then 

^ = f b e u; * ei 1 , “ a e i , 1 ) 

= 1 “ 


and 


= !o e us be e t 1 . w b' e 1- 1 

Thus A Is au-perfect. At the same time, we observe 

that the topology T x Is generated by the family 

e JO 

{pg.b e £°°}# where 

p^Ca) = sup la n b n l , a 6 £• b et 

( 7 oo T .v For the other inclusion 

Since ee i> » y*- eJ ^l 

we have 

pg(a> =sup la n b n l , bet“, aet 1 
° n 

< c sup ta n l 

"" n 

Therefore T. = T r Hence 
where c = sup 1 b n 1 m- 

( *, T ) _ (#1, l.l 1 _ i is not complete 
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Example 5-3-8. This is the well hnown example of 
x = c Q and <n,y = CjJ.I I .1 ij), where I l - H j_ i» the 
usual norm on £ . For a=e, 

^ = £b G u* abei 1 , V a e c 0 } 

(X 

= l 1 

= to e “* he e i 1 , u b 6 £. ) 

= t 

Thus c Q is not au-perfect. At the same time, is 

generated by family fpg’h 6 ih , where 


and 


'o 


pgta) = ' be€l ' 3 ® S 

= p^Ca) t h G Z' 

, m on c is nothing hut h(c Q / 

So the topology T , on c Q 

t m( r* # 1 )) is not complete 

and hence ( K V “ (c °'* (c o' * 

by the Proposition 1-3-7. 

On the other hand, completeness of <H« T n 

a necessary condition as illustrated in 
E yam pie 5.3-9, Consider the incomplete space 

as (4,^) and K = 9 ’ r F ° r a " e ' 

x m- _ / « {b e ab 6 * ' v a e 9 1 

A a " e 


03 
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and 

A ctoc - e a e “I be e ? , V b e u } 

= <P 

Also# the space (*0, T , ) is complete since T =T)( < ? > , 0 )) / 

'■T* 

(cf* Example 5.3.5). 

In view of Proposition 5*3*1, we derive from 
Proposition 5*3*6, the following 

Coro If ary 5 » 3 * 10 t If (M, ) is a complete (resp* 

sequentially complete) K-space, then. (^, T^) is complete 
(resp, sequentially complete). 

Combining Propositions 5*3*2 and 5*3*6, we get a 
characterization of ct/x -perfectness exhibited in 

Theorem 5*3*111 For a sequentially complete AK-space 
(U * T^ ), A is OU-perfeCt if and only if (\, T^) Is 
Sequentially complete. 

5*4 Boundedness 

In this section we introduce the notion of complete 
boundedness- in A which is stronger than usual boundedness 
ih op. « topology and investigate conditions under which 
a bounded set is completely bounded. 

First of all, we observe that a subset A of A is 
-bounded if and only if the set 
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Aba = { { a i b i a i } » a e A } 

is bounded in (4,^) for each b 6 Replacing the 

singleton set {b} in ^ by a T^-bounded subset of 
7^, we introduce 

Definitio n 5 .4.1; A subset A of X is said to be compl^bly 
b ounded in X if for each T^-bounded subset B of ?£, 
the set 

ABa = {{ a i b i a i }: a 6 A, b e B } 
is bounded in (4/T^)* 

Remark * Clearly, every completely bounded subset of X 
is bounded relative to the topology T^, f° r arbitrary 
a and 4 • 

Regarding converse of the above statement we 

prove 

Proposition 5«4»2t- Let (4,^) be a sequentially 
complete K-space, Then every T^-bounded subset of X 
is completely bounded. 

Proof ; Let us assume that the result is not true. Then 

there exists a T.— bounded subset A of X , which is not 

CQA 

completely bounded. Hence we can find a T^ -bounded 
set B in such that 

ABa = { aba S a 6 ^ b 6 ^ ) 
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is unbonded in (M-,3^). Consequently, for given e > 0 
and p 6 D^, there exists a 1 6 A, b^e B with the 
property that 

p ( a cl ) > 1 +£ « 

na r» 

As A and B are bounded in (\, T^) and 
respectively, there exist constants ^>0 and M 1 >0 
satisfying 

sup pCaab' 1 ') < L. 
aeA 

and 

sup p(aa 1 b) < M, « 
beB 

Choose m 1 6 IN such that 
4 *1 

2 1 < e/M r 

2 

From the unboundedness* of ABa, choose a S A and 
b 2 e B such that 

O O ^ *i 

p(a 2 b u) > 2 (l^+2+e) « 

2 2 

Corresponding to the points a 8 A and b 6 B, we can 
now find constants L 2 >0 an<3, M 2 > 0 such that 

2 

sup p(aab ) < L 2 
aGA 


and 
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O 

sup p(oca b) < ML. 
bGB 

Choose rt^ > m ]i_ such that 
-m 0 +l 

2 ^ < £/M 2 » 

As above for the constant 2” >2 Cl 1 +2 select 

a 3 e A, b 3 e B and then the constants L 3 > 0, H 3 > 0 

satisfying the relations 

m 0 “ m i > . 

ptaaV) > 2 2 (L 1+ 2 S +3+e) ' 


and 


sup p(«ab 3 ) 5 L 3 / 
aGA 


sup pCtta^b) ^ 3 * 

beB 


Then consider m 3 >™ 2 with the property 

-*n +1 

2 i < e/*V 

, . nrocess. we get sequences ia }|£A, 
Continuing this proces , 

„ t > o M > 0 and an increasing 
{b n )C B > constants L n ' n f 

. , of integers such that the following four 

sequence or 1 y 

inequalities hold! 

pfe v) > 2 Vcg " i ' 1 ^ +n+e) ' Lo= ° ; 

sup pC a ab ) L n ' 
agA 

sup p(«a n b) <. M n ' 
bGB 
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and 


-m +1 

2 n < e/M n 


for n=l,2,3,«.» 


Now using Proposition 1.2.2, we infer that the 

b i 5 n is a -Cauchy sequence 


n -n\. T ^ 

(V 9 ^ - 1 * K 

sequence x ^ 


u . ff I o'" 1 !-! , e f , 11 and Sb 1 ^ C®. So by 
in Aq./ since t2 i b A* 

Corollary 5. 3. 10 . There exists b° 6 such that 


= 


n "^i-l vi' 
T* - lim S 2 
V i = l 


b* = 


Z 2 
i>l 


-04.1 i 
1-1 b 


Then for n > 1/ 


« ( a ») = p(«a 
^ o 


n S 2 
i>l 


^i-l b i) 


> a^'V^V 1 ) - P(“a n b x ) 




-m. 


m. 


n^n+l, /W^n + 2 + _) 


-2' n M n Cl+2T 


-+ 2 


-nii 

n t 2‘" i ' 1 b i fn+^> - L l' 2 V"* 

i=D 


-2^- 2 ■« - 6 


ss n 

Hence A is T aji 
the result# 


-unbounded. This contradiction prove 
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Note Let us observe in the following example that the 
conclusion of Proposition 5.4.2 may hold even if 0^-, '3^ JL ) 
is not sequentially complete. 

Example 5.4.31 Let <x,\ and be as in Example 

5.3.9. Here 0?^ = and If A and B 

are respectively tjOP/m) and r? (<u, <P) bounded sets, 
then by Propositions 1.3.3 and 1.3,4/ A is a set of 
bounded length say £, and there exists sequences Cr^ 
and {s^} in ox such that 

la ± l < r ± / V i > 1/ a 6 A 

and 

lb i' ~ s i ' V 1 b e B 

Hence the set AB which has length & , is bounded in 

^V* 



Chapter 6 


Holomorphic ( Nuclear ) Mappings 

6.1 Introduction 

In this chapter, we make use of our study on sequence 
spaces carried out in the preceding chapter. Indeed, 
corresponding to a sequence space JJ-, we define a class of 
weighted holomorphic functions on a Banach space, the 
weights having been provided by and introduce a subclass 
of this class related to the oil -dual of a sequence space X. 
This class of weighted holomorphic functions extend 
sufficiently a similar class studied earlier in [29]* 

After equipping this class of holomorphic functions with 
suitable locally convex topologies, we study the usual 
topological structure of these spaces. As we proceed 
further, we characterize bounded sets of this class and 
investigate conditions under which the subspace topology 
coincides with various other topologies on bounded sets. 

The last section is devoted to the characterization of 
relatively compact sets. 
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6.2 Certain Classess of Holomorphic (Nuclear) Mappings 


Xn this section we study several subspaces of the 
class H(E) of holomorphic mappings (cf. Sections, 

Chapter l) defined corresponding to an arbitrary normal 
sequence space 4, a nonzero a in u and the oqu-dual of a 
sequence space X. Indeed, we endow these spaces with 
suitable locally convex topologies in order to study 
their topological behaviour. Throughout this chapter, we 
consider sequences defined over IN and the power 1/n 
whereever it appears for n = 0, means one. 

Let us assume throughout that 4 denotes a normal 
sequence space equipped with a Hausdorff locally convex 
topology generated by the family of solid seminorms/ 

a a sequence in w with « n 4 0, n > 0 and X a sequence 
space. Then we introduce the spaces 


(6 


.2.1) l-^(E) = {fe H(E):^f(0)e^( n E)/ n>0 with 

||d n f(0)il 1/n 


U- 


n i 


-) } e 4 } i 


(6.2.2) I^(E) = if GH(E):d n f (0)eJ^( n E), n > 0 with 

I I d n f (0)1 I M 1/n 
{( ^ — -> 4 } # 

(6.2.3) <(e,x) = {f e#(B): Ci!d n f(o)H 1/n } 


and 
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(6.2.4) ^ a (E, \) = if e^(E)l{ I ! ( 0 ) l|V n 3 e } 

Clearly 

t^(E, tOCkPce) 

and 

^(E,^ = h£CE,) 0 f>4J(E) 

On the spaces defined in (6.2.1), (6.2.2), (6.2.3) 
and (6.2.4), for p g D and a Q X, let us define 

M' 

respectively the positive real valued functions Q^, Q 

S3 and given by 

P# a P, a 


(6.2 

.5) 

O 

tJ 

hT 

f] 

p(U-i 

ld n f ( 0)1 1 x 
n! ; 

1 /n 

} ), f e hP'(e) 

(6.2 

.6) 

°P C£) ■ 

P<*(- 

d n f ( 0)11 
n! ; 

1 /n 

J 

), f e b^(e) 

( 6.2 

.7) 

Q p.a (f > 

= p(£ 1 

1 d n f ( 0)1 1 

1 /n 

Vn 1)# f e *t (E ' 

and 







( 6.2 

.8) 

0 3 ?' (f) 

p, a 

= p(CI 

l$ n f ( 0)1 1 

1 /n 

w 

a n a n * ^ ' f 6 

Then 

we 

have 





Proposition 6 . 2 . 

95 The 

* collections 

D h - i Q p ipe 

H 

a A 
P 

{ q n 

P 

sp eD^} r 

D h = f 

Q F,a peD M 

# a 

g X } and 


D NX s {Q N - tppD ,afi M define a separating family of 
h p, a 


S ft 
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seminorms on #(e), ^(e), ^(e)# j£(E#? 0 and I^ a (E,?0 
respectively. 

Eroof . We prove the result for the space ^(e)# for 
the proof for other spaces being followed analogously. 

Suppose f g^Ce) and s is any scalar. Then the 
equality# 

I ld n (sf) (0)11 = lls n d n f (0) l| 1/n = I Sl lld n f (0)1 I 1 / 11 , 

yields the homogeneous character of Q p . The triangle 
inequality# namely# 

Q p (f+g) < Q p (f ) + Q p (g) 
is a consequence of the inequality 


(6.2.10) (c-Hi) n < c n +d n # 0 < n < 1# c>0# d> 0 

(cf. [152]# p. 158). 


Note* In view of Proposition 6.2.9# we can equip the 

spaces it (E), 4(E), i£(E,) 0 and with locally 

convex topologies denoted throughout by T h , T hct ana 

.NX 

T^ a , generated respectively by the families D h # D h # D h 


and D 


h 


Concerning the spaces (6>2.>l) and (6.2.2), we have 

Proposition 6.2.11! Let(d,V be a complete K-space 
such that p Q (e 11 ) = 1, for eacn n >. 0 and some P o e ^ 
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Then the space Cl£(K), l£) [resp. (# (E), T h ) ] is quasi, 
complete* 


Proof.* For proving the quasi-completeness of the space 

(P^(E), T^), consider a TjJ-bounded Cauchy net {fpsPe 1} 

in J^(e) • Eix e > 0 and p £1^. Then there exists 

P = P (a,p) such that 
o o 


(+) p C € C 


I |d n fp(0)-d n f y (0)l I Nx l/n 
— — ) 


}< £/ P,r > P, 


Since p is monotone and 


/ 1 ld n £p(0)l I^l/n 1 I |d n f r ( 0)1 i N ^l/n Md n fp (o)~d n f r ( 0 ) 11 ^/ 

( ) _( ) I <( in 


by (6*2*10), it follows that 


I IdHfo (0) I L 1/n H^f (0)1 I M 1/n 
p({(- L- S) • . ( £- £) IX e, P/T > P 


Hence the net {a^»Pe U / where 


P 

a 


II d n f B (0)1 I M 1/n 

{ ( 1 2) I.Psi 


is a Cauchy net in P-, which is complete. So there exists 
an element a in such that 

a^ -* a in 

(*) ==> aj V n > 0 
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Applying (+) for p = p Q and using the monotone character 
of p ■ t we get 


P cc 


I I d n f B (o ) -d n f (0) I l 1/n 

=-> ( — — S ) P 0 (e n ) < e, P ,r>P Q 

But p Q (e n ) =1/ n > o; therefore, the net £d I1 fp(0);P6 1} 
is Cauchy in | |« 1I N )/ for n > 0, Hence we 

can find a sequence of polynomials, P n n 0 

such that 


J [d n f n (0) -d n f (0) 1 1 KT 1/n „ 

I £ 1 S } / e n ) < £, P,r > B 

n j - 


(**) 


P = lim d n f0 (0) 

n p P 


where limit taken is relative to the nuclear norm I I »l l N * 
Thus from (*) and (** ) , we get 

1|P n M N >V n 


a n = ^ n! 


0 , n > 0 


Hence 


Let 


£(■ 


fcr * * xt 

n N 
n! 


1/n 

•) } 6H' 


P (x) 

o n <*> - • n 0 

Clearly, We now sh ° W that ^ seqaenCe 

t( IIQ n' 1 ) l/n } is bounaed, so that the series / >0 Q n (x) MOula 

converge in * (of. Exposition 1.5.6) and would define a 

function f in ^/ E ) a£ follows. 

f (x) - x °n Cx) ' x e et? 
n > 0 


(#*#) 



To prove this, observe that for the p Q of the 
hypothesis, there exists a constant K s K(p Q ) such 
that 

lia n f 6 (0) l| l/n 

P D (C( I; £ ) ))<K, vfSSl, 

since {fp} is bounded. Using the monotonicity of p Q 
and the fact that p Q (e n ) =1, n > 0, we get 

II d n f B (0) 1 1 w l/n 

( _!: £L) < K, V n > 0, p e !• 

nl — ~ 

Hence passing to limit over P, we get 


I |PJ I vr l/n 

( £ — S) < K, V n > 0, 

nj — “ 


Consequently, 


| IP I I l/n I IPJ I vr l/n 
(_B~) ' < ( • n ^--- ) < K, V n > 


0 




Thus 


I IQ II l/n 1 1 p I i l/n 
( n.~ ) _ ( B__) < K, V n > 0, 

n! (nj) 

f e f^(E). Since {( * E f e 4 (E) 

Finally# it remains to show that f$-*£ in T^. 

{b^*P e ^ in|i as followS * 


Define a net 
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Then from the monotonicity of each member of D and the 

fJ* 

fact that 


a„ 


b^~b y I < (- 
n n • • 


d n f p (0)-a n f y (0) | | 1/n 

— - — ~) , n > 0 , 


n i 


it follows from (+) that 


ft <y 

p(b -b ) < e, p,r > p . 
ft 

So {b P *p G 1} is a Cauchy net in Hence there 

exists b e (i such that 


But 






b in T^ 

b , V n > 0 
n — 



-* 0, for each n > 0. 

P . . 

Hence b =0/ V n > 0, Thus b -* 0 in or 

n 

equivalently, f p -* £ in Hence the space 

(f^(E), T^) is quasi-complete • 

Proceeding exactly on similar lines, the quasi -complete ness j 

of the space (#(E),T h ) also follows, | 

| 

For our next result, we need to introduce j 

Definition 6,2.12* A sequence space A is said to have ( 

G— pro per tv if A contains an element a satisfying the j 

I 

| 

condition | 

, f 

.. i‘ 
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l a ~l > 


n I « n | (n! ) 1 - /n 


V n > 0. 


Proposition 6,2.13: Let (u , T^ ) be as in Proposition 
6.2,11/ X a sequence space with G-property and ago) 
with £ 0 f n > 0» Then the spaces (E, X) ^ 1^) 

and (J^(E, X), T ha ) are quasi-complete. 

Proof : We outline the proof for the quasi-completeness 

of (E, X) , T^,); the result for the space (E, X) , T^ a ) 

being true on similar lines, 

N 

Let i fo* P G I } be a T^-bounded Cauchy net in 
(E, X) . Then for arbitrarily fixed a e X, e > 0 and 
p e D 4 / there exists P q s P Q (e/ p,a) such that 


(*) 


p( { I I d 51 ^ (0)-d n f y (0) I I N a n ^2 ^ < e ' 


% 


l/n 


for all P,7 > P Q . Write 

6* ■ ts^i-t n^f p (o)i4 /n o ln a n i .pel. 

Due to the monotone character of p, we obtain 
p({| ldPfp(0)ll j/ a n a n } ^ < £/ 

Hence the net {6^ G I}/ is a Cauchy net in G^> and 

a. 

so we get 6 a = l5 a/n }e^ such that 

6_ * li 111 6 = 
a R a 
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On the other hand, choosing P = P Q in (*), we 


get 


1/n 


P o (lid n fp(0)-d n f y (0)ll N a n a n e n ) < e, P,r. > P Q . 


But p (e n ) = 1 for each n > 0* therefore the net 
{ d n fp (0) :P G I) is a Cauchy net inyv^( n E) for each 
fixed n. Consequently there is a sequence £P n } of 
nuclear polynomials, P n G^^j( n E) such that 


P = lim d n fg (0), n > 0 
no P — 


P 

in the nuclear norm topology of 

1/n 

6 


l E), Hence 


a, n 


1/n 

" P n U H V»' Vn ^° 


As 6 G 4 and a e ^ is arbitrary, it follows that 

3 . 


C++) 


HIP n llJ /n i G 


For n > 0, define 


P (x) 
Q (x) . n - 


n 


n! 


r IQ n ii ^ Vn 

we now prove the boundedness of the sequence l ( £*j ) } 

Observe that for the a and p Q as given in the hypothesis, 
there exists a constant K s K(a,p Q ) such that 

||^ n fp(0)llV n P o Ca n a n e n ) < K, V n > 0 


Since p„ (e 11 ) = 1/ n Z. ® an< ^ 
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n > la n l (n l ) 1 / n 


z n > 0 


by G-property of J\, we get 


I I d n f o (0)|| H 1/n 

( L £) < k, vn> 


0 


Hence 


I IP I J 1/n I IP* I L, 1/n 

(__a_) - .< < K , n >o 


I 1 Q I I 1/n 

=> ( 2 — ) < K, V rt > 0 , V 

n ! •*" “ 


Thus the function f defined by 


f (x) = S Q (x), x 6 E 


n > o 


n 


is a member of h(e). Also it follows from C++) that 
1/n 

UIP n H N “rA* e ^ ' V a ® X 
and from the G— condition of A# we have 


I P 


n N 


ni 


1/n l/ n 

) < \aaj MP" 


n n 


n N 


, n > 0 


for some fixed a G As M is normal# 


t IP 1 l w 1/n 

t (-rf- 1 ) ) e m. 


Consequently, f 8 



ISO 


It remains to show that f R -* f in 
will be enough to show that, for each a g 
there exists = P 0 (£,p,a) such that 


if - So it 
hcf 

and p G 


An A -n JL/XX 

(x) p(n l<rfp(0)-d n f(0) ll N a n a n U < e, P> p 0 

A n 

where d f ( 0 ) = P * To achieve this, let us write 

n 

(3 (3 An A n i/ U 

6 a { 6 a,n }= * I 1 d n f p (0)-d n f (o) I ! N oc^} G a & 8 I 


Since 


P 1 

* ^a, n^a/n'* ~ 


d n fp (0)-d% Co) II N 


1/n 


I « a I , n > 
n n 


0 


and p is monotone, it follows that 

1 /n 

P‘Sa- 4 ’ < PCCII^ 0) -^V 0), ' K “n a n ) 

< e / 

by (*). Therefore {5^} is a Cauchy net in 4 , which is 
complete. Hence for some 5 a - I 6 a#n * e 4 we get 


B 

lim 63 = 6 a 
p a a 


(.) ==> lim 6 = 5 a n 

p a, n 11 


a , 


Since d n fp(0) -* P n = d n f (0 ) , by (*) we have 


Thus 


lim 6^ = 5 a = 0 

, the relation Cx) holds and this establishes the result. 
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Rgnaxk* If 4*oc and X be as in (b) of the Note given 
after definition 5,1.1, the space ^ (E, X) and f^(E,?0 
are the ones introduced and studied by Boland in [29], 
Section XI (cf. Chapter 2 also) and therefore, our 
Proposition 6.2.13 includes his result, namely, the 
locally convex space is a complete space, 

(cf. [29], Proposition 2.1, p. 49), as a particular case. 


6.3. Bounded Sets 

In this section we find several necessary and 
sufficient conditions for the characterization of bounded 
sets in the spaces (h(^ a (E, X),I^ a ) and (E, ?v),T^ a ) . 

As mentioned earlier, in the section two we consider 
sequences indexed over XN Q . 

We begin our discussion for bounded subsets of 
^(E, X). For a subset B of <E, A) , let us introduce 

the notation 


b = sup {If (0) Ilf e B } ; 
o 

(6.3.1) 

b£ = sup Cl ld n f (0 ) I I N jf e B h n > 1. 

In the sequel, the synbol b whereever it is used, will 
stand for the sequence {b^} as introduced in (6.3*1). 

To begin with, we have 

Proposition 6.3.2, A subset B of ^ (E. X) is bounded 

if b e 7 ^-, 



152 


Proof * L et P 6 D jj,* Since for a e ^ and f 6 B 


ld n f( 0 ) 


1/n 

N 


'Vn'i lb nVn' - v n i 0 


and p is monotone, it follows that 


A 1/n 

Q iN (f) = p({ I ld n f (0) ll N « n a n }) < p(aba), Vf 6 B 
a, p 


.N 


Hence B is bounded* 

The situation for the validity of the converse of 
Proposition 6.3.2 is not so pleasant in general/ however, 
restriction on H or on both the spaces H and X, leads to 
the following three different variations of the converse 

Proposition 6.3 .3; Let B be a bounded subset of lO . 

If jjl contains e and P Q (e ) ~ 1 * n -- 0/ for sane P o e M* / 

u, 

then b S 

Proof : Since B is bounded, for p Q as in hypothesis and 

a e K there exists a constant K = K(a,P 0 ) such 


Q 


N 


a, p 


(f) = p (flld n f(o)llH /n “ n a n !) - K * " f ® B 


==> P 0 <!Vn a n> 5 < K 


“> ld n a n b n l <K, «n> 0 


. / m - 1 n > o. But H is normal 

as p is monotone and P 0 ^ e - ' — 

and contains constant sciences, therefore dab 6 U for 
each a in *. Conse^ently, b 6 & expiates the proo . 
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For our next result, we make use of 

Lemma 6.3.4. If X is a normal sequence space and 
C X X , T) C X x , X) ) is nuclear, then 

X X = {c 6 ui sup l' c n a n t <°° * v a 6 X! 
n 

= {cG“« lc n a n' ■* ° aS n " ^ a 8 Xi * 

Proofs By definition of X , we have 

= { c G w* 2 lc n a n |<°° t V a 6 X } 
n >1 

Let us write 

X 1 = {c G w» sup lc n a n l<~ / v a G X } 
n 

and 

o , i -s t _* n as n -» 00 / V a G X} 

X 2 = Cc G |c n a n ! 

Clearly, 

X x C^X 2 C T^ 1 


we have to show that 


In order to prove the equality, 

x 1 d **• 

g x 1 -. Take any a in X, so hy 
e e X such that 


Therefore, consider c 
Proposition 1.3.8, there exists 

fa i/ e n ! e BUt 


E ‘ c n a n' = 
n > 1 


2 

l C n a r/V e n 1 

n > 1 


| cel . 2 1 ^ 
n n n>l n 

sup 

n>l 

<50 
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Proposition 6.3.5: Let B be a bounded subset of (e, X) . 
If (M- , T) (b- ,/i ) ) is a perfect nuclear sequence space, 
then b e 

Proof : If b / , then there exists a in X, with 

the property that «ab / h . Using the perfectness of JJ. 
and Lemma 6.3.4, we can find c in h x such that 


sup la b e a 1 = « 
n n n n 
n 


Therefore, for each i > 0, there exists a subsequence 
{ of IN such that 


la b c a I > 2 , i > 0 

n i n i n i n i 

,n. 1/n- 


or 


, sup I Id i f Co) I I jj 1 |a c n a n 1 > 2 1 / 1 1 ° 
fQB i i i 


Consequently, there exists a sequence € f ^ } in B such 
that 

n. 1/n, 


,,d ^(0)1^' 1 'VA^n 


N 


c I > 2 , i > 0 
~i 

l/n 


==> ac,a (£ i’ = s - I ia n filo) ll N I^Vn 1 


n >0 


A n. l/n. 

> II a ^(0) I l N IB n 1 a h 1 e n 1 ' 


> 2 1 , i > 0 

This contradicts the boundedness of B in ^ a (E, X) 


Hence b G X, 




a 
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Proposition 6.3.6s Let A. be a normal sequence space 
yi yi 

such that (X ,7 ?(X ,X)) is Schwartz and suppose that 
/J- = c • Then b 6 ?^, if B is a bounded set in 

T ha^* 

U 

Proof s Assume that b jc Then we can find a g X 

such that aab <£ c . Hence there is an e > 0 and an 

o 

increasing sequences {n^} for which 


I a a b | > e, V i > 0 

n i n i V 

Consequently, we get a sequence {f^} B satisfying 
A n . 1/n. 

I | d x f . (0)1 I N 1 V a n. 1 > £/ V 1 ~ °* 

i i 

By Proposition 1.3*9, there exists a sequence e g X 
such that 

! V e n ! 6 c o 


Write 


P = a n /e n # n > 0. Then for each i > 0, 


Q' 


N 


1/j 


1*1 1 e 1J 1 


A • -J 

(p f . ) = sup IldAP f ± )(0)li N IOjOjI 

n, i n, X J J 


j>0 

An 


i 

1/n. 


1 1 a 1 -F (0 ) I I ^ ! P OC S j 
> lid 1 n ru n i n i 

A n. 1/n. 

= i ia (o)i i N 


X 1 


> e 


Hence P £ . A 0 in /L. Ibis contradicts the boundedness 
n^ i nu 

of B and so the result holds good. 
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To characterize bounded subsets of l£(E,X), for 
a subset D of (*£(e, X),^), let us write 


d Q = sup £ I f (0)1 : f e D } 


(6.3.6)* 

T1 A. 

d n = sup { i id n f (o)u :f e d } 

Let us fix the symbol d to denote the sequence {d n Sn > 0 } 
as defined above. Then we have 

Proposition 6.3.7. a subset D of (E, X) is bounded 
if de 


Proof ; Following the lines of proof of Proposition 6*3.2, 
we get this result. 

Propositio n 6.3.8; Let D be a bounded subset of I^(E # A). 
If M- contains e and p Q (e n ) =1, n :> 0, for some p Q S 
then d e 

Proof ; The proof is analogous to that of Proposition 6.3'. 3"* 


Proposition 6.3.9; Let ) be a perfect nuclear 

sequence space. Then for a bounded subset D of I^(E, X), 

ie (' 

Proof ; Its proof is similar to that of Proposition 6.3.5. 

Proposition 6.3.10s Let X be a normal sequence space 

such that (X x ,^(X x ,X)) is Schwartz and suppose that 

4 * c . Then d 6 if D is a bounded set in 
o u 

<*£(E, X),^)* 



157 


Proof i Proceeding on the lines of Proposition 6.3.6, we 
get the result. 


6.4 The Induced Topdlocries t 

Since the spaces i£(e, X) and f^ a (E,X) are 
respectively contained in it (e) and i£(e), it is natural 

Cv 

to inquire the relationship between the original and 
induced topologies. 


Essentially, we investigate conditions under which 
the two topologies coincide on bounded subsets of 
it (E, X) and (E, X) . In this direction, we have 

Proposition 6.4.11 bet X possess G-property* Then the 
induced topology T^P^(E, X) on E, X) [ resp. 
T ho/ I ^Na^ E ' ^ on H^ aa (E, X) ] is weaker than the topology 

T hal> es P' Cl 

Proof i Since each p in is monotone and 


|d n f (0) | l N 1/n 


n! 


) 


ld n f (0)1 ^ /n i 


a a 
n n 


for each f G (E, X) , n > 0 and same a e X* the 

result follows from the definition of seminorms Q p ' Q p#a 

(resp. q!?, Q* ) [cf. 6.2.5, 6>2r.7 6*2.6, 6.2.8] 

P Pf a 

On the other hand, on bounded subsets we have 
Proposition 6.4.2J Let X be a normal sequence space such 

‘"in I mi > — nirfiiiiwiniwii— ir 

that (X X ,rj(X X ,X)) is Schwartz and M=c Q . If 
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B[resp. D] is a bounded subset of (li^ a (e, \) , ) 

[resp. <2, X), T hct )], then the topologies induced 

on B [resp. D] by and [ resp . ^ and jy oolnclde , 

provided \ satisfies G-property. 

Etooft We prove the result for ( *£L(e,\),t 5? ); the 

•Noe na 

result for bracketed space follows on similar lines. 

In view of Proposition 6*4.1/ we need prove 


(+) ’ha IB ClS'B 

For proving (+), let us take a net £f c *6 G I}C?B 

o 

such that f g ** f in T^, for some f G B. Then for 

given e > 0, there exists 6 a £ (e) in I such that 

o o 


(*) 


ii a n f (o)-S n £(o)i i „ l/n 

sup {(- S-, H) 'i,< Sl 

n 


«> 8 0 


=.> S"f (0) 

0 



i 


in 



v n > o # 


Also/ b e \° by Proposition 6.3-*6, since B is 
bounded. Therefore for a 6 K aba e c Q and consequently 
there exists an integer n Q = n 0 (e,a) such that 


• a bat < e/2 , n > n • 

n n n ' u 


Hence 


Q 


N 


A _ A „ l/n 

suplld n f (0)-d n f(0)l l N la n a n I 
n 0 

2 sup I a n b n O n l 
n 


| # a ( V f> = 


n> n Q 


< e / 
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Using (*), for sufficiently large A 7 say 5 >§£,**> get 

sup ||d f < 0 )~d n f (o) H ' |« a t < e. 

n<n -1 0 N n n 

— o 

Hence for $ > 6 *, 

3L / * q 

Q n m a ( V f) ~ Sup U ld n f (0)-d n f (0)11 „ n !a a I ,e} 

ll.||# a 0 n<n -1 0 N n n 

— o 

< e 

So f •* f in T^ a * This proves (+). 


Proposition 6.4.35 Let B[resp. D] be a bounded subset of 
a 4r (E '^'< I ) E resp * #T^ a )]* Then the topologies 

induced on B[resp. on D] by T^a and [resp. T^ a and T^] 
coincide, if X has G-property and (u- x ,f )(m. x ,ji>) is a perfect 
nuclear sequence space. 

Proof ; i n view of Proposition 6.4.1, it is enough to show 

that f - f in T^ a whenever f^ ■* f in T^, where the 

net ff *5 e T} and the element f are taken from B. 

6 

Let us therefore consider {f § ?5 6 1} and f as above. 

Observe that b by Proposition 6.3.5. Hence, for 

e > 0 , a e X and c e there exists an integer 

N s N (e) such that 

o o 

M s i Vn a n°n J < £/4 

n> N o 

Also, there exists an inflax 6 Q * S Q U,c) such that 
for 5 > $ Q , 
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s ll$ n f (0)-d n f(0)ll^ n | C , < e 

n >0 5 N lc n' < e 

-=•> Hd f 6 (o)-^f (o)l l H |o n i<e, 6 >. 6 C . Vn> 

-> d n f 6 ( 0 ) *d n f(o) „ n >o. 

Thus, there exists an index §* in I such that 


O 


(*> 


N -1 


nd n f (oj-d^fo) 11 ' I a a cl < e/2 


1/n 


n=0 '6 ' N - n-n-n- 


for 5 ,> Hence by (+) and (*) we get 


Q a c ( V f) = S iid n f.(0)-d n f(0)Ny n |a a c t 

d ' c o „ . r, 5 N nnn 


n> 0 

N -1 
°2 
n^O 


N ~1 * , 1 /n 

< °2 ||d n f 5 (0)-d n f (0)1 I N ia n a n c n ! 


+ 2 E lb a a c l 
n n n n n 


< £ 

for 6 > 6*. Therefore, f. -* f in 

o o ncc 


The proof for the bracketed space follows analogously* 


6.5 Relatively Compact Sets t 

In this section we characterize the relatively 
compact sets in the spaces (E, X) and I^(E, X) and 
make frequent use of the results of the preceding section* 
Indeed, we reserve the symbols b and d to denote the 
sequences defined by (6. 3, l) and (6.3*6)* for the sets B and 
D in I^(E, X) and f^(E, X) respectively. Let us begin with 
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6*5 * 1 * Let (p< x , 7) (p- x # |jL ) ) be a perfect nuclear 
sequence space and K possess the G-property. Then a set B 
[resp. D] in 1^) Tresp. in (l£ (E, X) .T^) ] 

is relatively compact if and only if B[resp. D] is bounded 
and the set {d n f(0):f e B }’ [resp. {d n f(o):f 6 D}] is 
relatively compact in ft ( n E)[resp'.' inJ^C^E) for each 
n > O. 

Proof : We prove the result for the space (E, \) , T ^ a ) f 

the result for the space (E, ?0 # T ha ) follows on 


similar lines. 


Assume that B is not relatively compact. As the 
space (l^ a (E, A),T^ a ) is quasicomplete by Proposition 6.2.11 

2C 

B is not precompact. Hence there exist a q \ c G V- , 
e > 0 and a sequence {f^} in B such that 

Q N (f.-f.) > e , Vi,j>0, 
a# c i j “ 

a 1/n 

(*) or, S I id n f . CO-cPf ,(0)M n la n a n c n l< e, V i,j > O 

n>° J 

Also, b s fb } e it by Proposition 6.3.5? therefore 
for the above e > 0, there exists an integer n 0 = n o ^ 


such that 


2 ' a n a n b n c n' < £ / 4 ' 

n > n +1 


Consequently, 
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2 lia n f (0)4 n £.(0)|/ /n | a a c | 
n >n +1 1 J N 1 n a n c n 


— o 


- 2 n>\ +1 ' W”°n' 4 £/2 ' ¥i '^° 


Hence, we have from (#) 


° A n A_ 

S 1 1 d n f . (0 ) -d n f . (0 ) 
n=0 1 J 


1/n 

‘n l0t n a n c n l > e / 2 ' V J > °* 


Thus for each pair (i,j)r*;iN x IN , there exists an 

o o 

integer n. . lying between 0 and n such that 
-*• J o 


iii , 1/n 

(t) I I d lJ f, (o)-d 1J f .( 0 ) I L la a c I > T 7 7 T 

i j N n n n 2(n Q +l7 

Consequently, the inequality (+) is satisfied for infinitely 
many i,j's corresponding to the sane n = n^. lying 
between 0 and n Q * This contradicts the relative compactness 
of the set {d n f(o):f 6 BJ for each n > 0# 


Conversely, if B is relatively compact, then B is 
bounded. For n > 0, define linear maps 
as follows * 

y (f) = d n f (o), n > o 

n “ I 

In order to show the continuity of for each n >_0, i 

let us consider a net {fp*P e 1} in I^Ce, ?0 such that | 
fp-* f in T^ a , for some f e Then for a 9 iven ; 

e > 0, a G ^ and ce^/ there exists P Q S § Q U,a,c) | 


such that 
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■sN 


1/n 


a / c (f P~ f) = n ^ o lld n f p (o)^ f( 0 )ll N loc n a n c n ! 

< £ , VP > P 


==>lld n fp(0)-.d n f(0)llVn j <£ y n >Q p > p 

1 xv iinn ■-«* o 

==> lira d n fp (0) = d n f(0), V n > 0 


or lim ® n (fp) = ? (f), V n > 0, 


Thus 3^ is continuous for each n > 0. Hence the sets 
id f (0):f G B } i n -> 0, being the continuous images of 
relatively compact set B, under ? n , are relatively compact- 
This completes the proof* 


Finally, we prove 

Proposition 6-5 -2 I Let X be a normal sequence space with 
G-property such that ( \ x , 77 ( ?v x # ) is Schwartz and M- = c Q 
Then B|^H^ a (E, X) £resp- D i-® "^hcx - -^ 

relatively compact if and only if B is T^ a -[resp* T ha“] 
bounded and the set {d n f(o):f G B} [resp. {d n f(0):f G D}] 
is relatively compact in ^) N ( n E) [resp.^l)^)] for 
each n > 0 # 

Proof ; The proof of this result is not different from 
that of the preceding one, however, for the sa3ce of 
completeness we outline the same- 
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If B is not relatively compact, then it is not 
precompact as Ce, K> , ) is quasi-complete by 

Proposition 6,2,13* So there exist e>0, a 6 \ and a 
sequence C f in B such that 


(+) sup I ld n f ± (0 )-d n f j (o) | l N ' la n a n l > e, V i, j > O 

c 

But, by Proposition 6,3.5, we have b s {b n } e \ and 

so {b n a n d n } e Hence, there exists an integer 

n a n (e) such that 
o o 


b a ct | 
n n n 


< e, n > n 


Therefore, fro® (+) we infer that 

sup I |1k n f , (o)-d n f . Co) I l w la a I > e, V i,j >0 

0<n<n -1 1 J N n n 

o 

Consequently, for each pair (i, x there 

exists integer n j_j» 0 « n ij £ n o~^ suc ^ 

»n. . A n. . 1/n 

(*) | jd ij f ± (0)-.d ^(0)1 1 N ia n a n' > e 


Thus, there exists n = n^., 0 < n^ j < n Q -l, ^ or 
(*) is valid for infinitely many i,j's, which contra- 
dicts the fact that, the set £d n f(0):f 6 Bj is relatively 
compact for each n >0. 

Conversely, for n > 0, define linear maps 

-P ( n E) as in the proof of preceding 
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proposition*. For continuty ~of ^ , observe that 
if f p - f in (E, K) rel ative to then for 

e > 0, a 6 K there exists s P o (e # a) such that 

sup | id n fp(0)-d n f (0)1 I ^ ta n a n i < e, P > 
n 

==> ol n fp(o) -> d n f(0), V n > 0 

or If (fp) " V f)/ V n ~ °* 

Hence the sets {cl n f(o):f SB} = ^ n ^ B )/ n — ° f are 

relatively compact for each n >0. 

The proof for the other space ^(E,X) follows 
analogously. 



Chapter 7 


Hblomorphic Functions on Nuclear Sequence Space 


7.1 Introduction 


In this chapter we take up the study of a class of 
holomorphic (indeed hypoanalytic) mappings defined on an 
open subset of the dual of a nuclear sequence space. 
Besides obtaining several results on nuclear sequence 
spaces, we finally get the Schauder basis representation 
of elements of this class with respect to the compact open 
topology. 

7.2 Some Results on Nuclear Sequence Spaces 

In this section we prove some results involving 
open subsets of the dual of nuclear sequence spaces* We 
will use these results in the proof of the main result, 
to be proved in the next sections At the outset, let us 
prove 

Proposition 7.2,1: Let A be a normal sequence space 

such that (A x , 7 ?(A x ,A) is nuclearr. For a neighbourhood U 

of zero in (A x ,h (A x , A)), there exists an absolutely 

convex neighbourhood v of zero and a sequence with 

a > 1, for each n > 1 and Ca^JC such that 

n 
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“ v = ! 1 “n b n> 1 !b n ! ev ' f“„ b n ! e $ 

O 

Ftoo^i In view of Lemma 6 * 3 * 4 / we may assume 

U = {b e X' I sup | b a j < £} # 
n n n 

for sane a = {a n } g X and e > 0 , Using Proposition 1.3 • 

we can find c ={c„} in X with 0 <a„<c such that 

n J — n — n 

t w ci- Define 


8 


X 

v = ib 6 X : sup |b c^l < ej 
n 


and 


a 


n 


' 2 11 if a n = 0 


c /a if a s4 0 
n' n n - 


Also 


Clearly, a n > 1 for each n > 1 and {l/a n J e ^ 
for { b n J G v, we have 

sup |a b a n l < sup |b n c n l < e. 
n n 

Hence avC^U. This completes the proof. 

Proposition 7.2.2* Let (X, r)(X,X x )) be a barrelled nuclear 
sequence space and U a normal open set in (X ,P(X # X) ) • 

If K is a compact subset of U, then there exists a 
sequence 6 = C 6 n } such that 6 n > 1 for each n > 1 , 

f 1/6 n } G J' 1 and 

= MS a ]* a = {a } 0 K} ; 

JK no nn J n | 
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is a relatively compact subset of U, 


^joof : We may assume without loss of generality that K 

is normal. Since (A, tj(A, A x )) is barrelled every bounded 
subset of ( A X ,P ( A x , A) ) is equicontinuous (cf. [119], 
Proposition 3*6.6, p. 217) and so there exists a positive 

i 

sequence b s { b^} in A x such that KC3w°, where 

w ' !a e M l, 'W .< 1J 

n > 1 


But 


(*) w° = Ca eA* 2 lab | < 1} ° = Ca 8 A x 5|a_| < |b | , V n >13. 
n>l n 

indeed, if c 6 w° , then I 2 c n a n i < 1/ v a 8 w. Then 

n > 1 ”* 

for a 8 A, 

1 2 cal < 2 lab I 

- n n — _ 0 nn 
n>l n>l 

In particular, taking a = e n , I c n l < |b n J, V n > 1. 

Let d corresponds to b in A x such that {b n /d n }sjE^ 

(cf. Proposition 1.3,8). Define a neighbourhood v of 
origin as follows 


v = { a 8 A: S I a^l < 11 
n>l 

Now for each x 6 KCLU, there exists P U* ^-neighbourhood 
v of origin such that 
x + v x CZ u 

p (A x A) -neighbourhoods w x of origin such that 
w x + w x 


Choose 
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Since the family {x+w tx 6 K } is an open cover of the 
compact set K in the topology P(X x , X), there exists 
x^, . * . , x n S K such that 

n 


K 


C.U K + 

i=l 


w 


x. 


Let 


N 


ft 



As N is a £ (X X , X) -neighbourhood of origin, there exists 
a o (X, X x ) -bounded and so 7 }(X,X X ) bounded set Ain X 
with A°£3 N. Also, there exists e> 0 such that 

eA Cv 

==> £ v°cr a°ct n 
==> K+ev°d K + N 


But 



<x i + w Xj’ 


+ w 
x i 


Hence 


n 


r~\j u i+ w v +w ) 


CL/ ( v ^ 
C u 


K+ev°C. u - 


Further, observe that K+ev° is a relatively compact 
subset of U (cf. [119]. P* 212) * Now define 6 * C6 n } 


as follows* 



17Q 


'n 


1+6 




n 


n 


* if b n ^ 0 ; 


2 , otherwise 


Clearly, 6 n > 1 for each n > 1 and *V6 


/6 n i zjL * 


for 


we have. 


'+ S 


< s 

i>: 

< - s + 1 < 00 

e , a 
n>l n 


n>l 6 n ’ n>l V b n n>l 2 n 

b 


Since 

v° = {a G X X * |a n | < ld n l , V n > 1}, 

(cf. proof of (*) as given above), it follows from the 
normality of K that 

6KC K+e {a e 11 a n ^ -• ld n 1# n > 1}C: ' U ' 

indeed, for a » Ca R } G K, 

I6 n a n l < i a n ,+ £ld n ! ' V n - 1- 
This completes the proof* 

7.3 The Main Result 

in order to state the main result of this chapter, 
let ns first recall fron Section 5, Chapter 1, the 
definition of G-holomorphic mapping defined on an open 
subset » of an i.e. TVS U.T) and then introduce the 

following 
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Definition 7.3.1* a mapping fjU -* c , where U is an 
open subset of an l.c. TVS(x,T), is said to be hypo analytic 
if f is G-holomorphic and continuous on compact subsets 
of U. We aenote the collection of all hypoanalytic functions 
from U - <E, by the symbol Clearly H^Cu) is a 

vector space with usual pointwise addition and scalar 
multiplication. Moreover, it is clear that 

H(u) CT H HY (U) 

where H(u) is the space of all continuous G-holomorphic 
functions on U (cf. Definition 1.5.11). 

Recalling the notation x Q from Section 5 which is 
nothing but the compact open topology, the monomials 
{f m ,m G from Section 4 and the definition of fully 

?>-bases from Section 2 of Chapter 1, we now state the main 
result contained in 

Theorem 7.3.2; Let be a barrelled nuclear 

sequence space such that (\ X ,P(A. X , X)) is an AK-space. 

Then the class H^Cu) of hypoanalytic functions defined 

on a normal open subset U of (\ x ,P(X x , X)) equipped with 

the topology t of uniform convergence on compact subsets 

rjl ^ ( IN ) 

of U, is a complete nuclear space and the set It 5m G in j 
of monomials forms a fully J^-base for (H^yCu), x 0 >^ 

The proof of this theorem requires a preparatory 
result which we prove in much more generality in the 


form of 



172 


Proposition 7,3.3 5 Let {x n , f^} be a fully A-base for an 
1 , c » TVS (x,T), where A. satisfies the (K)-property (i»e, 
there exists c in A x with K c = inf c n > 0). Then there 
exists a Kothe set P such that (X, T) ~ (is , T p /M-), where 
p. = {(f (x)}?x G X} is a dense subspace of (A(P),T p ); 
in particular, if (x,T) is sequentially complete, then 
(X, T) ~ (A (P) , Tp) . 


Proof* Let 


p = p e d t , P e P > o } 


and A(P) the corresponding Kothe space equipped with 

the. topology T p . Since for each p e d t' the sequence 
if (x)p(x n )J e 9s- uCZ A (P>. Consequently, the map 
f;X- P, defined by *(x) = if tt lx> } is a bijective linear 
map. The seminorms generating the topoa^av T p are 
given by 


Q P.P (<I) " „>1 PlXn) Pn ' an ' 


Therefore, by the fully ^-character of tV £ n ! ' 
p in D t and P in X x , P > there exlstS a q 6 
that 


for every 
D t such 


q aOHx)) < q (x) 

R>P 


On the other hand, for P in ° T / 


p (r' 1 (Cf n <x)})> 



P |C 


(if Cx)}) 
n 
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Hence (X, T) ~ (u,Tp/U). We next show that M- = A (P) . 
Let a G a(P) but a 0 fl. Then by the Hahn-Banach 
Theorem, there exists an f C (A(p))* so that<a,f> = 1 
and <P,f> = 0 for each P in 4. The last equality 
yields <e n , f> = 0 for all n > 1. Thus <oc,f> = 0, a 
contradiction and so (I = A(P>. 

Finally, if (X, T) is sequentially complete, then 
jul jl. For, if H C^pi = A( P), then we can find sane a 
in A (P) such that a ^ M- . Now 


K 


S I a J p(x ) < S l« n l plx n )e n < w P e D T‘ 
c tfxl n " n>l 


Therefore S <* n x n converges to x, say, in Cx,T); that is, 

a , if Cxi ] e P, a contradiction again. Hence H = A (P) ' 
n 

tv™. Of Theorem 7.3.2. we prove this result in two parts, 
Where as in Part X we prove the fully ^-basis character 
of monomials. Part IX cxihits that the space 

is complete and nuclear. 

_ eof f^ { m 6 ® (M) } is a countable 
I, clearly, the set if * m ° " 

subset of h hY ( U ) * 

_c „ u (u) and a compact subset K 
Consider now an f m 

. For b G U and r 6 define 

. k t 1 £ i < t and s * 9 i > t } * 

[b] r * {s e I s i ! < |b i i# 1 - - 1 


Of u 
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As U is normal, [b] is a finite dimensional polydisc in U. 
Therefore, for given s s is^} in K and t 6 [s] r , r 6 m ' 
we have from Theorem 1.4.8, the following 


f(t) = S at m 
mSM r % 


where 


V 


f (u^, . . * . » ) 


/_ . sr ^ * 1*^ itu -;-l m +1 
(2rti) T l , r 

Un # * #U 

1 r 


du^, . ..,du r . 


T = {(u,, »»*,u )• I u^l = l s^l , i=l, 


Consequent! y, 

(7.3.4) 


for m 0 !N r 

llfll [s] r ^ ll fll K 
|s m l - I s m l 


where for A£7U, 1 1 f I I, = sup U f (x) I ;x e A} and 

m m l m r 

I s m | =1 s 1 x I ... I s r x | . 

Since K is compact, by Proposition 7.2.2, we have 

a 6 5 {6 n l with 6 n >!/ upl and {1/6 E }€,(, such that 
6K is a relatively compact subset of U. Applying (7.3.4) 

to 6K we get 


H ft 


l^ 1 


l(6s) m 
l If I 


, v m e in ' 




“> IV I < - 

u 

. i ,■ -t-tr -i «; true for each s in X, we get 

As the above inequality is t 
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(7-3-5) 


sup I a s m I < 
sGK m 


If 




t V m £ 




(7.3.6) =-> E sup la s m I < Ilf II s (m ) J 

_.(iN)seK 0 me™ 6 

m 0JLN 

Since IN r C ™ r+1 , r > 1 and {l/6 n }6-t * ^ have 


00 0° T _____ 

= TT s (--P = TT 


me ® 


(IN) 5 m n=l 3=0 6 n n=l Cl- 6 > 


= c 


where c is a finite constant# as 


for 1 — ** 1 as n ** 00 • Hence 

°n 


oo 

rra- 1 ) 


converges 


n=l 


J n 


(7.3.7) S (IN ) 'V" 1 - ° " fll 6K 

m e IN K sGK 

. _ v , . a s m converges in the 

Consequently# the series ^‘^(IN) ^ 

, TT Thus the function f given by 
field IK for each s in U. Thu , 


(7.3.8) f (s) = J (IN) a tn S ' S 6 ^ 

me® 

defines a hypoanalytic function on u,by 

Let D « (J D , where 
r>l 


D r =(j‘ [s] r !Se ° ! 

If s G by our hypothesis 

s (n) e [s] n ana so s ln) eD- 

subset of u-. Observe that 


(n) ^ 
s 

V n > 


s 

1. 


in P (X X # * But 
Hence D is a dense 
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f (s) as f (s), V S g D 

Since both the functions f and f a re continuous on 
compact subsets of U / it follows that f = f on U» 
Hence 

(7.3.9) f(s) = S ( v a s m , VsS U 

m e ™ 


= 2 (to) (s),v s e u. 

m e 3N i3N ' ™ 

In order to show that { f^m 6 IN is a Schauder 

base for (H^to) # x 0 ) , it suffices to prove that the 

series 2 a f m converges to f in the topology x 

m 6 3N 

as the Schauder character of {r^sm 6 IN^ 13 ^} is immediate 


■from iV.3.6). Tnerexore, consictei o winpaut substrt K nf U 

a fc 
(IN) 


and e > 0. Then for 6 ** { 5 n } as above we can find a finite 


subset J of IN 
o 


such that 


(7.3.10) 


m e IN 


(IN) 


1 <—& 


Vo 


J 5 


m 


f II 


6K 


(in) 


Hence for any finite subset J of IN with JZDJ q , 
we have 


m 


(7 - 3 * U> "Vgj ^ IIk = s6K 1 ' 


< E 

from (7.3.9), (7,3.5) and (7.3.10). Thus (7.3.11) yields 
the unordered convergence of the series ^ ^ (in) 
to f in the topology x Q » 
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The fully > £* 1 -character of the base {f^m } 

is a consequence of (7.3.7) which can be written as 

^ ( IN ) ^ II K ^ c I I ^ I I ffv- < 00 • 

m C 3N m K " 6 K 

II. Let us first prove the completeness of the 
space (Hpjy ) / t q ) and so consider a T Q -Cauchy net 
{ f see e I } in H (u). Then 

OC rtl 


f « (s) = (IN ) a m sm . s e u, a G I 


m 8 IN 


where 's are uniquely determined scalars in the basis 

expansion of f a 's. Since the net {^:a 8 1} satisfies (7 .3 
it is a Cauchy net in the field K for each m 6® 


*7 ) , 


(IN) 


(U). 


Hence there exists a set $ a m * m 6 IN } in K such that 


(*) 


a __ ( IN ) 

*V, = i“ 

vX 


For given e > 0 and a compact set K of let 

a s a (l,K) in I be such that 
o o 

"V f P"6Ki £ ' “ ,P ^ 

where a 5 !a n 3 is the one as obtained in the Frojosition 7. 


2 . 2.1 


Using (7.3.5) and (*), we get 


a 


l(a“ 


m 


)s m |< ~ ' a > °V 


6 m 


(^N^ f Hence for s in K and a > a Q / 


for s in K and n 6 ® 
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(+) 


S 

m e IN 


_m 


a 


a 


( IN ) 1 a m S 1 i(a m °" a m ^ (IN ) 1 % S 1 


meiN 


a 


± CE+ S (BD'O'"' 


m g nsr 


< 0 ° 


where 


c = * (m) m = « , 

me 311 6 'pj J (]__ ±_) 

n=l 6 n 

Consequently# we can define a function f on U as follows « 

in 


f(s) = E (M) V ' s 6 u 
me IN 


Further, 


sup 12 (nr) ( 4" a m )sm| * J^Cin) = C£# a " a °' 

seK raeffi 1 me * 


yields that f a ■* f uniformly on K. 

Since uniform limit of continuous function on compact sets 
is continuous on compact sets, f is in N^Cu) and it is 
the required i^-limit of i f a ) • 

For nuclearity, observe that the space (H^Cu),^) 
can be made topologically isomorphic to the KSthe sequence 
space (A(p) ,T p ) by the Proposition 7.3.3, where 


P * { { I l f m i lv-1 


V 1 3 (IN ) 

K m e w K 


: K varies over compact 
subsets of U ) 
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Since from ( 

1 1 

where S 

m G IN 

subset of U, 
I^-o position 


.3.5) 


we have 




■SK 


m g in 


(2N) 


(IN) < °° and 6 K as a relatively compact 
6 

the space (H^Cu ) , x ) is nuclear by 
1.3 .8. This establishes the result completely. 
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